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Abstract

The thesis discusses the issue of focusing a radially polarized laser beam with a parabolic
mirror (or parabola-ring) with special attention to beams and pulses in the THz frequency
range. The main goal of the thesis is to find an optimal focusing geometry that provides an
extremely strong longitudinal electric field for particle acceleration applications. When
using laser and THz pulses for particle acceleration, it is crucial to know accurately the
characteristics of the electromagnetic fields of the focused beam/pulse, especially around
the focus. The thesis uses the Stratton-Chu vector diffraction method to precisely determine
the distribution of electromagnetic field strength under various focusing conditions.
Analytical derivations were performed for different input beam profiles, including flat-top
and Gaussian vector beams with (homogeneous transversal intensity distribution), not only
for "simply connected" paraboloid mirror surfaces but also for paraboloid-ring cases,
which, when complemented with an axicon pair, practically allow for the (post)acceleration
of charged particles. Detailed analyses showed the dominance of the longitudinal electric
field, which is remarkable from the perspective of particle acceleration. The thesis
examined in detail the distribution of the longitudinal component of the electric field of the
radially polarized, monochromatic Gaussian vector beam at the focus of the parabolic
mirror. In addition to that, it investigated how beam divergence affects the longitudinal and
radial distribution of the longitudinal electric field. The results showed that beam
divergence shifts the focus and has a significant impact on the maximum achievable
longitudinal electric field. The thesis concludes that the physical shift of the focus
compared to the geometrical focus linearly depends on the divergence along the
longitudinal direction. With optimized focusing, the ratio of the longitudinal electric field
strength developed at the focus to the incoming radial electric field component exceeds
1000. The calculations also predicted that by optimizing the focusing of radially polarized
THz pulses, the electric field component can reach magnitudes of 100 MV/cm, which is
excellently suitable for particle acceleration. Numerical simulation results establish the
possibility of subsequent acceleration of relativistic electrons using the focused
longitudinal electric field of THz pulses. According to the simulations, assuming a 3 mJ
THz pulse energy, a 1 ps pulse duration, and a 50 mm focal length of parabolic ring
illuminated at 20° and 40°, electrons moving at nearly the speed of light could gain energy
by 0.23/0.28 MeV (20°) and 0.36 MeV/0.63 MeV (40°) depending on whether their
direction of motion is the same as/opposite to the direction of the electric field sweeping

speed.
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1. Introduction

1.1. Outline of the Thesis

The thesis is structured into ten chapters. Chapter 1 provides background information on
the study. Chapter 2 introduces a theoretical framework relevant to the thesis, explaining
electromagnetic diffraction theory, including the Rayleigh—Sommerfeld scalar diffraction
theory and the Stratton—Chu vector diffraction theory. It also covers the vector Gaussian
beam with linear and radial polarization, which is important for understanding light
behavior in optical systems. Chapter 3 outlines the scientific goals of the study. The content
of Chapters 4, 5, and 6 in this thesis focuses on presenting my original scientific results.
Chapter 4 focuses on the derivation of the electric field produced when a radially polarized,
monochromatic, flat-top beam is focused by a parabolic mirror, utilizing the Stratton—Chu
integral. It provides a detailed theoretical analysis of the electric field distribution,
particularly the longitudinal and radial components, which is important for understanding
particle acceleration applications. Chapter 5 extends the discussion by deriving general
formulas that describe the electric and magnetic field characteristics of a focused, radially
polarized Gaussian vector beam by a parabolic mirror with an arbitrary numerical aperture.
Using the Stratton—Chu vector diffraction method, the chapter analyzes the field
characteristics in the focal area, focusing specifically on the axial and radial distributions
of the longitudinal electric field component for different incident beam divergences, which

is significant for particle acceleration applications.

Chapter 6 discusses the generation of extremely strong accelerating electric fields. This is
achieved by focusing radially polarized THz pulses with a parabolic mirror ring, which is
suitable for vacuum electron acceleration. The chapter introduces a novel setup that
includes a reflaxicon, a ring-like segment of an on-axis parabolic mirror, a segmented
waveplate, and a segmented nonlinear material. It highlights the importance of focusing
geometry and beam parameters in achieving the high field intensities necessary for
effective particle acceleration. Chapter 7 presents the comparison of the efficiency of three-
focusing geometry (Chapters 4, 5, and 6), based on field enhancement factors. Chapter 8

presents the general conclusions and future perspectives of the thesis. Chapter 9 contains



the thesis statements. Finally, a summary of the thesis in Hungarian is provided in Chapter

10.
1.2. Terahertz Radiation

Terahertz (THz) radiation has a frequency between 0.1 and 10 THz, which is in the
electromagnetic spectrum between microwaves and infrared radiation. It has some
characteristics in common with both of these regions (see Fig. 1.1). In the electromagnetic
spectrum, radiation at 1 THz = 102 Hz has a period of 1 ps, a wavelength of 300 um, a

wave number of 33.3 cm~?

, an angular frequency of 6.28 THz, a photon energy of
4.14 meV, and an equivalent temperature of 48 K [1]. The technical establishment of THz
wave generation and detection is comparatively less developed than in other frequency
regions. In high-frequency electronics, the frequency of the THz wave is extremely high to
be effectively managed using traditional semiconductor technology. In optics/photonics,
the THz wave photon energy is much lower than visible and near-infrared light.
Consequently, it is challenging to control and manipulate THz waves using current
electronics and optics/photonics technologies. This difficulty is commonly known as the
"THz gap." Nevertheless, with the introduction of ultrafast lasers in the late 1980s,

researchers have gained access to the THz spectral region, resulting in a significant increase

in investigations conducted at THz frequencies [2].
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Figure 1.1. THz band in the electromagnetic spectrum.

In the early 1990s, femtosecond lasers were developed. Since then, the THz frequency is

considered a crucial field of scientific research. The technology and performance of THz



sources, detectors, modulators, and other related components are experiencing significant
growth, which is facilitating the progress of THz devices and applications. Recently, the
THz electromagnetic band has been used for a variety of applications like biological
imaging [3], nondestructive testing [4], security screening [5], process control [6], and even
the next generation of wireless communication systems [7]. The main limitation in the field
of THz science and technology, after its steady development in the past few decades, is the
availability of high-power THz sources. The main interest of current investigations in this
discipline is the development of high-powered pulsed THz generation for various
applications. High-intensity lasers with short pulse durations that come into contact with a
target produce strong and broadband THz pulses. Several methods for generating THz
radiation sources exist, such as free-electron lasers which have restricted availability [8, 9],
quantum-cascade lasers which have low peak fields [10, 11], photoconductive antennas
[12-14], laser-induced plasma radiation [15-18], spintronic emitters [19-21] and optical
rectification [22-24]. Optical rectification (OR) is one of the most well-known second-
order nonlinear techniques to generate highly intense single- and few-cycle THz pulses
using femtosecond laser pulses. The need for intense single-cycle THz pulses reaching
energy levels in the millijoules scale and peak THz electric fields exceeding 10 MV/cm is
significant in particle acceleration applications [25]. Among the various methods available
OR has proven to be highly efficient in providing single-cycle THz pulses characterized
by remarkably high energies and electric fields. The promising nonlinear crystals to
generate single- and few-cycle THz pulses by the OR process are ferroelectric crystals like
lithium niobate (LiNbOs3, LN) and lithium tantalate (LiTaO3), organic crystals like DAST,
DSTMS, OHI, etc., and inorganic semiconductor crystals like CdTe, GaSe, GaAs, ZnTe,
GaP, etc [26].

1.3. THz Sources Development Via Optical Rectification

The generation of THz radiation by OR is only possible by pulsed laser beams. When a
pulsed laser beam propagates through the nonlinear crystal, and then induced polarization
inside the nonlinear crystal gives rise to the THz electric field (see Fig. 1.2). The induced

second-order nonlinear electric polarization is related with the optical field by:



w+Aw
PI\%)(!)) =g, f @ (2:w+ Aw, —w)E (0w + Aw)E* (w)dw (1.1)
w—Aw
where ¢, is vacuum permittivity, w is the frequency of the incident pulsed light beam, (2
is the THz frequency and Aw is the bandwidth of the incident pulsed light beam,
Aw = 1/t ~ 102 Hz when the incident pulse duration is in picosecond range.
E(w + Aw) and E*(w) are the Fourier transforms of the electric field components of the
incident pulsed beam. y@®(2:w + Aw,—w) refers to the second-order nonlinear

susceptibility (or the nonlinear optical coefficient of the crystal) [1, 27].

4@

Femtosecond pump pulse Terahertz pulse

Figure 1.2. An illustration of the THz generation via OR.

In 1962, Bass et al. were the first to report DC OR. They used a ruby laser to send 100-ns
pulses of radiation through potassium dihydrogen phosphate (KDP) and potassium
deuterium phosphate (KD4P) [28]. In 1971, Yang ef al. demonstrated the generation of
far-infrared radiation using picosecond light pulses in LiNbO3, which contained THz
frequencies and marked the first experimental evidence of optical THz generation [29].
The first demonstration of the generation of single-cycle THz pulses by OR in LiNbO3

using a femtosecond laser was conducted by Auston et al. in the year 1984 [30].
1.3.1. Semiconductor THz sources

The generation of THz radiation from OR of femtosecond laser pulses has been observed
in crystals with zincblende semiconductors, such as GaP, GaAs, ZnTe, CdTe, InP, ZnSe,
etc., that have a cubic structure with 43m point group symmetry. These crystals possess
only one independent nonlinear optical coefficient, which is 14, = 155 = 134 [1]. ZnTe is
the most popular semiconductor crystal for generating THz radiation by OR. Energies up

to 1.5 uJ are observed in single-cycle THz pulses with a 3 THz spectral range using OR



THz source in a large aperture ZnTe crystal [22]. The investigation of THz pulses generated
by OR from a GaAs-based tilted pulse-front pumping (TPFP) at a wavelength of 1.8 um,
which leads to a 0.05% energy conversion efficiency, is close to those usually reported for
the TPFP scheme in LiNbOs crystals at 800 nm, which also indicates the potential of the
GaAs source towards high-field and broadband THz pulse generation [31]. A new method
for generating high-energy THz pulses has been suggested using semiconductor materials.
By pumping these materials with infrared wavelengths long enough to minimize both two-
and three-photon absorption, as well as the associated free-carrier absorption at THz
frequencies, researchers achieved significant results. THz pulses with an energy of
14 pJ were generated with an efficiency of up to 0.7% in ZnTe when pumped at a
wavelength of 1.7 pm. It is possible to scale the THz pulse energy to the mJ level by
increasing both the pump spot size and the pump pulse energy [32]. Fiilop et al. suggested
compact, monolithic, and alignment-free THz sources, collinearly pumped at an infrared
wavelength beyond the three-photon absorption (3PA) edge and utilizing a contact grating
(CQG) for tilting the pump-pulse front. Suppression of free-carrier absorption at THz
frequencies in this way resulted in 0.3% THz generation efficiency, two orders of

magnitude higher than reported previously from ZnTe [33].

The broadband THz generation was suggested from 0.1 to 6 THz with a phase grating
etched on the surface GaP CG source and a GaP CG detector pumped at a wavelength of
1.03 pum [34]. Using rectangular CG profiles [35], it is possible to get diffraction
efficiencies of more than 91% in GaP and 89% in GaAs by adding the right antireflective
(AR) coating to the gratings. These techniques can also be used on semiconductor contact
gratings, like ZnSe and CdTe [36]. Tibai et al. showed with numerical calculations that
45 pJ of THz energy and 17 MV/cm of a focused (by an off-axis parabolic (OAP) mirror)
peak THz electric field can be achieved to make a single-cycle THz pulse using
transmissive nonlinear echelon slab setup [37]. Recently, the CO2 laser pumped GaAs OR
THz source can be a high energy and extremely high plug-in efficiency device, which can
be used for THz-driven particle accelerators [38]. At high laser power excitation, the
generation of a reflected THz signal at normal incidence through OR in a ZnTe crystal was

also reported [39].



1.3.2. Organic crystal THz sources

Recently, several non-centrosymmetric organic crystals have shown high efficiencies in
THz generation via OR of ultrafast laser pulses. These crystals include DAST, DSTMS,
OHI1, HQM-TMS, and BNA [40-42]. Organic crystals have shown to be excellent THz
sources due to their properties such as high optical to THz conversion efficiency due to a
high nonlinear optical coefficient, low THz wave absorption, and simple experimental
setup due to collinear phase matching. However, they have poor thermal properties and
low damage thresholds, so high input intensities can damage them easily. Among these
organic crystals, DAST is one of the most widely used organic crystals for THz wave
generation. This is mostly because it has an extremely high optical non-linear coefficient
(dy1 =290 + 55pm/V at A = 1.5 um), low absorption of optical and THz waves [43,
44]. The phase-locked THz pulses with electric field amplitudes exceeding 1 MV/cm,
magnetic field strengths beyond 0.3 T and pulse energy ~20 pJ at a central frequency of
2.1 THz are efficiently generated by OR in DAST crystal, pumped by an intense infrared
source delivering up to 950 wJ on target [45]. Vicario et al. investigated the generation of
THz waves in organic crystals DSTMS, DAST, and OH1 by OR [46]. This was achieved
by directly pumping the crystals with a femtosecond Cr:fosterite laser pulse, with a central
wavelength of 1.25 um and a repetition rate of 10 Hz. Their experimental setup allowed
for the production of tightly focused pulses with energy levels in the range of a few
hundred pJ. Consequently, this resulted in electric and magnetic fields of 18 MV/cm and
6 T, respectively. Notably, the organic crystal OH1 exhibited a maximum conversion

efficiency of up to 3.2%, that corresponds to energy per pulse up to 270 pJ [46].

Optical rectification in the DSTMS crystal pumped by the Cr:Mg2SiO4 laser produced
high-THz pulse energy of 0.9 mJ transients between 0.1 and 5 THz with an extremely large
field strength of 42 MV/cm (experimentally) and 80 MV/cm (theoretically). This pump
source provides high pulse energy and an excellent beam profile for efficient THz
generation in the partitioned, large-size DSTMS crystal [47]. Additionally, the organic
crystal DSTMS was capable of generating ultra-broadband THz pulses that covered an
exceptionally wide frequency range, spanning from 0.5 to 26 THz. These pulses were

generated through difference-frequency generation within the spectrum of ultrashort Ti:



sapphire laser pulses [48]. A study has been conducted in recent years on organic crystals
for high repetition rate regimes. For example, HMQ-TMS [49] and BNA [50] have shown
the first promising results, which exhibit an average THz power of approximately 1.38 mW
and 0.95 mW, respectively, when stimulated at a rate exceeding 10 MHz. Furthermore, a
more recent demonstration displayed the high-power operation of BNA, accompanied by
high fields at 540 kHz, resulting in an average THz power of 5.6 mW [51]. These results
highlight the promise of organic crystal THz sources in the realm of high-field science.
However, the utilization of TPFP in organic crystals has not been considered yet. This is
due to two inherent characteristics of organic crystals: exceptionally large nonlinear

coefficients and the fact that they can only be grown in the form of thin plates [52].
1.3.3. Lithium niobate THz sources

Lithium niobate is currently a highly popular nonlinear crystal for intense THz sources. Its
properties are significant for THz generation by OR. LN has a highly effective nonlinear
coefficient, dosfr = d33 = 168 pm/V to a pump wavelength of 800 nm. This value is
larger than the typical range of semiconductors, 25 to 80 pm/V, but is smaller than that of
organic crystals [26, 53]. LN is available in two distinct forms: congruent (cLN) and
stoichiometric (SLN). The latter has been proven to yield slightly higher efficiencies in
terms of THz generation. Both types can be conveniently produced in large sizes, reaching
dimensions of several centimeters. Specifically, cLN can be grown larger than sLN. To
mitigate the occurrence of photorefractive damage, the strong photorefractive effect can be
effectively reduced through the process of doping with MgO. Notably, the optimal
concentration of MgO doping was determined to be approximately 0.7% for sSLN and 6%
for cLN [54, 55]. However, due to the large different refractive indices of the group optical
pump pulses ng;t = 2.206 [56] and the THz pulse nyy, = 5 in LN [57], which make
phase matching more difficult, cause the THz generation efficiency to remain low;
alternative techniques for phase matching are necessary. The technique known as tilted-
pulse-front pumping (TPFP), which is a method for phase matching in THz generation
using OR, presents new opportunities for generating high-energy THz pulses. The
pioneering work of Hebling et al. in 2002 introduced this technique. In this technique, an

incident pump pulse propagating has a pulse front that is tilted with respect to its
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propagation direction. The generated THz is normal to the tilted pulse front of the
propagating pump pulse (see Fig. 1.3. a). The velocity matching condition is described as

[58]:
Vgpt COSY = Vpy, (1.2)

where v7_and vr,, are the velocity of the group optical pump pulses and the phase of

opt
THz pulses generated, respectively, and y is the tilted-pulse-front (TPF) angle which is
~63° for LN. The TPFP scheme can also be explained using wavevectors as noncollinear
vector phase matching (see Fig. 1.3. b). The angle of the TPF is inherently connected to
the angular dispersion of the pulse and can be conveniently employed for a pulse through

the use of a diffraction grating and imaging system. The angle of the TPF is associated with

angular dispersion based on the following relation [58]:

1:any——de—6 (1.3)
nf)’;t dw '

where d6 /dw is the angular dispersion introduced by the grating.

v

(a)

Figure 1.3. (a) Schematic of velocity matching using TPFP. (b) Illustration of TPFP phase-

matching (wavevector conservation) for THz generation [59].

The conventional THz excitation scheme with a TPFP consists of an optical grating, an
imaging element, and a nonlinear material (NM) (see Fig. 1.4) [23, 59, 60]. Conventional
TPFP setups using LN prisms have successfully demonstrated the generation of THz pulses
having an energy exceeding 0.4 mJ and an efficiency of 0.77% within the low-frequency
domain of the THz spectrum, around 0.2 THz [54]. However, the large wedge angle (tilt
angle) and resulting angular dispersion of the pump beam in the prism-shaped LN crystal

can severely limit the amount of THz energy that can be generated. As a result, there exist



clear limitations when it comes to further increasing THz energy. These limitations can be
categorized as follows: (i) imaging errors occurring at a large spot size and angular
dispersion, (i) the prism-shaped LN crystal with a large wedge angle, y = 63°, (iii) limited
interaction length due to angular dispersion. In principle, limitations (i) and (ii) can be
significantly reduced by using a hybrid type TPFP setup, which is the combination of the
conventional setup containing imaging optics and the contact grating [61-64]. However,
the efficient generation of THz pulses has not yet been achieved due to technical difficulties
caused by the required large tilt angle.

|\ lens THz pulse
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Figure 1.4. Schematic description of the conventional TPFP THz source setup [23].

In order to address limitation (iii), various modified versions of the TPFP THz generation
schemes were introduced. In 2016, Ofori-Okai et.al. presented a setup that utilized a stair-
step reflective echelon (RES) structure instead of a reflective optical grating. In this setup,
the pump beam is reflected on a RES, resulting in the formation of a discrete TPF. This
segmented intensity front then generates the THz pulse inside the NM [65]. The conversion
efficiency achieved was 0.33% at a cryogenic temperature, and a THz pulse energy of
3.1 yuJ with a peak field of 0.5 MV/cm was demonstrated. This was achieved with a
repetition rate of 1 kHz, a pulse duration of 70 fs, and a pulse energy of 0.95 mJ [65]. More
recently, an experimental study reported a conversion efficiency of 1.3% at room
temperature. This setup was capable of generating an average power of 74 mW and a focus
of 0.4 MV/cm in the LN. The pump pulse duration used was 280 fs, in combination with
an RES mirror and an off-axis ellipsoidal mirror [66]. In 2017, Avetisyan et.al. proposed a
scheme known as the multistep phase mask scheme. This scheme involves splitting a single
input beam into multiple smaller "beamlets" with varying time delays. The advantage of
this scheme over the grating method is that it reduces the negative impact of angular

dispersion and eliminates the need for imaging optics [67]. A new hybrid-type TPFP setup,
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a so-called nonlinear echelon slab (NLES) was proposed [68], which is a combination of
the conventional TPFP scheme, containing diffraction optics and imaging, and a plane-
parallel LN slab with an echelon-like profile created on its entrance surface. The plane-
parallel property is the most significant advantage of this setup as it plays a crucial role in
efficiently producing a high-quality, symmetric THz beam [68]. Nugraha et al.
demonstrated the corresponding experiment in 2019 (see Fig. 1.5. a). They were able to
generate a single cycle pulse with a specific 2.5 mJ pump pulse energy, 200 fs pulse
duration, and 1030 nm central wavelength, resulting 1 pJ pulse energy and 0.3 THz central

frequency with 5 X 107* % efficiency [69].

’Grating
Figure 1.5. (a) Schematic of hybrid NLES THz source setup with imaging [69]. (b)
Schematic of hybrid NLES THz source setup without imaging [70].

To further enhance performance, it is recommended to remove the lens behind the grating
(compact, imaging-free TPFP) by using wedged shape NLES with 8-10° (see Fig. 1.5. b)
[70]. A key feature of the setup is that for about 68° pre-tilt angle and 8.62° LN wedge
angle, a uniform THz waveform can be achieved across the entire beam cross section,
allowing for a variety of applications and perfect focusing [70]. The transmission grating
can decrease this wedge angle even more, provided that it is not used in the exact Littrow
configuration [71]. These new hybrid configurations hold great promise in terms of
generating a more uniform THz beam profile, which in turn can lead to improved focus
and the achievement of a higher peak field [72]. Recently, the corresponding experiment
was demonstrated with a small wedge angle (< 8°) by Krizsan, G. et al. in 2023. Single-
cycle pulses of more than 40 pJ energy and 0.28 THz central frequency have been
generated by 100 mJ, 400 fs pump pulses with 4.1x107* efficiency and excellent beam
quality [73]. Toth et al. in 2019 proposed a remarkably simple, compact and energy
scalable TPFP THz pulse source setup, so called reflective nonlinear slab (RNLS). In this
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new setup imaging optics and a pre-tilt for the pump beam are not required. High THz
energy with excellent THz beam properties is expected to generate a 50 MV/cm focused
field with 10.8 mJ THz pulse energy with 1.25% efficiency, using 870 mJ pump pulse
energy, a 1030 nm central wavelength, and a 1 ps pulse duration for a 7 cm diameter LN

crystal [74].

Recently, there have been reports of a remarkable high-energy THz pulse 1.4 mJ with a
peak electric field of 6.3 MV/cm and a conversion efficiency of 0.7% from LN using the
TPFP technique [75]. In the same year, it was achieved that high-field THz pulse train
generation from congruent LN with the TPFP technique resulted in a peak electric field
strength exceeding ~1.8 MV/cm and an optical to THz conversion efficiency of 0.55% at
0.26 THz with a pump energy of 20 mJ [76]. Furthermore, a theoretical and experimental
demonstration of a new THz pulse source in transmission geometry, based on OR in LN
using the TPFP technique, has been made. This involves introducing pulse-front tilt
through a volume phase holographic grating (VPHG) that is efficiently used at
perpendicular incidence in transmission. The THz pulses are then produced in a LN plane
parallel NLES, arranged parallel to the grating [77]. Most recently, it has been reported
that single-cycle extreme THz pulse energy of 13.9 mJ, focused peak electric field strength
of 7.5 MV/cm, and energy conversion efficiency of 1.2% from 800 nm to THz can be
achieved using cryogenically cooled LN crystals with the TPFP technique [78]. These
newly developed sources for generating THz pulses, based on TPFP in LN, have the
potential to significantly advance the progress of THz-driven electron and proton
acceleration. Additionally, they may also pave the way for a new generation of THz pulses
in the low THz frequency range of 0.1 to 1 THz. These pulses would possess extremely
high energy in the tens of millijoules and electric field strengths in the order of a hundred
MV/cm. However, the current limitation lies in the inability to focusing of high-energy

THz pulses to the diffraction limit.
1.4. High Numerical Aperture Focusing with Parabolic Mirrors

When radially polarized beams are tightly focused with a high numerical aperture (NA)

optical system, such as a parabolic mirror or an aplanatic lens, it results in a smaller focal
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spot and a strong longitudinal electric field component and provides a finite field amplitude
in the vicinity of the focus than linearly polarized beams [79-82]. On the other hand, the
azimuthally polarized field creates a strong magnetic field on the optical axis, with the
electric field being purely transverse and zero at the center [83]. The size of a focal spot
decreases with an increase in aperture angle and a decrease in wavelength [81].
Nevertheless, the maximal aperture angle is constrained within a single lens focusing
system. The principle of 4x focusing has been proposed to enhance the NA of a focusing
system [84, 85]. The paraboloid mirror possesses the capability to focus light within a 4
solid angle [86-88]. The investigation of 4w focusing of radially polarized beams has been
undertaken due to their interesting characteristics. Bokor and Davidson have demonstrated
that it is possible to produce a sharply defined focal spot exhibiting nearly perfect spherical
symmetry and exceptionally low sidelobes through the 4n focusing of radially polarized
beams [89]. Chen and Zhan have suggested that a spherical focal spot may be generated in
a 4n configuration utilizing radially polarized beams with spatial amplitude modulation
[90]. The same research group has explored the 4n focusing capabilities of radially
polarized vortex beams that incorporate amplitude modulation [91]. Furthermore, multiple
on-axis spherical spots can be produced within a 4n focusing system employing radially
polarized beams with amplitude modulation [92], and the position of the focal spot has the
potential to shift along the axis [93]. Additionally, it is feasible to generate a focal spot
characterized by a dark core and nearly perfect spherical symmetry within a 4n focusing
system when illuminated by radially polarized first-order Laguerre—Gaussian beams [94].
It has been demonstrated through both experimental and theoretical methods that parabolic
mirrors possess the capability to focus a radially polarized beam into a significantly tighter

focal spot compared to aplanatic lenses [95, 96].
1.5. Electric Field Distribution Characteristics in the Focal Area

In order to accurately determine the electric and magnetic field distributions for all
polarization components under the condition of tight focusing, it is necessary to employ
the vector diffraction theory. The rigorous vector diffraction theory of the tight focusing
problem began with Ignatowski's solution of Maxwell’s equations under certain boundary

conditions in cylindrical coordinates [97, 98]. On the other hand, Richards and Wolf [99]
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presented an alternative theoretical approach. They precisely defined strongly focused
beams in relation to the field distribution of the collimated input beam at the entry pupil of
the focusing apparatus. Focusing of radially polarized beams with a high-NA parabolic
mirror has been extensively explored in previous studies [80, 87, 100, 101] that based on
the Richards—Wolf theory [99]. The primary driver behind this studies were the
advancements in microscopy [88, 96]. Various methods exist for the assessment of tightly
focused beams, which are based on the Stratton—Chu formulation [102] of Green's theorem.
This formulation incorporates the electric and magnetic fields by substituting values
derived from Maxwell's equations. The Stratton—Chu vector diffraction theory typically
offers more accurate results than the Richards—Wolf theory, particularly in situations
involving long wavelengths. Based on the Stratton—Chu vector diffraction theory, focusing
of linearly polarized monochromatic electromagnetic plane waves by a paraboloid [103,
104] is well elaborated. Furthermore, this theory is combined with the coherent
superposition of monochromatic fields to address the focusing of ultrashort broadband THz
pulses [105-107]. In 2019, Zegn and Chen proposed a precise analytical technique for
characterizing the vector electromagnetic fields produced by an on- and off-axis parabolic
mirror for circular and square incident beams, based on the Stratton—Chu integral [108]. In
2021, the same research group demonstrated an optimization process for the OAP mirror
geometry in order to maximize the intensity of the focus, based on an accurate
understanding of the tightly focusing properties of OAPs, by employing the Stratton—Chu
vector diffraction integrals and physical optics approximations. They were able to derive
the optimal configuration scale rule, which allows for the attainment of the highest peak
intensity [109]. Recently, the derivation for the electric field, when a radially polarized
monochromatic, flat-top [110] beam is focused by an on-axis parabolic mirror has been
presented, based on the Stratton—Chu integrals [111]. It has been shown that using
monochromatic plane waves and on-axis focusing geometry with a large NA result in the
generation of a strong longitudinal electric field at the focal point. More details of focusing
of radially polarized monochromatic electromagnetic plane waves will be discussed in
Chapter 4. The Richards—Wolf diffraction model has been used to examine the focusing of
radially polarized Gaussian beams of low and large numerical aperture, showing the

predominant longitudinally polarized component at high NA and high radius [112, 113].
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However, a radially polarized beam with uniform cross-sectional amplitude is inconsistent
with Maxwell’s equations. For example, it is immediately apparent that it contradicts
Gauss’s Law. Starting from the paraxial wave equation concerning the vector potential in
Lorentz gauge, Kirk T. McDonalds has found an Axicon Gaussian Vector Beam solution
having axial and radial electric, and azimuthal magnetic field components [114].
Rigorously, the requirement for the applicability of the Stratton—Chu integrals is that the
beam going to be focused has to be consistent with Maxwell’s equations. In this thesis the
focusing properties of radially polarized Gaussian vector beams based on the Stratton—Chu
vector diffraction theory and their potential applications will be discussed in Cheaper 5.
Up until now, most of the research on radially polarized beams has been focused on the

visible and infrared spectrum, with limited results in the THz regime.
1.6. Generation of Longitudinally Polarized THz Radiation

By tightly focusing radially polarized THz radiation, longitudinal polarized THz electric
fields can be generated, and these fields have significant applications in electron
acceleration [115, 116], fluorescent imaging [117], laser machining [118], optical tweezers
[119], microscopy [120], etc. In recent years, numerous research teams have made
considerable progress in developing a range of techniques for generating strong
longitudinally polarized THz electric fields. These methods are velocity-mismatched OR
[121], segmented nonlinear crystals [122, 123], an air plasma filament [124],
photoconductive antennas with radial electrode geometries [125, 126], and spintronic
emitters [19]. Compared to optical frequencies, the successful generation of THz radiation
with longitudinal polarization is a recent development. It is quite common to achieve THz
pulses with transverse field amplitudes exceeding MV/cm [23, 59, 127]. Minami ef al. in
2013 reported a field amplitude of 0.001 MV/cm by tightly focusing the THz radiation
generated from an air plasma filament induced by a 4.5 mJ femtosecond optical laser pulse

[124].

In a demonstration, a matched pair of polarity inverted MgO:sLN crystals were used as an
OR source, resulting in the generation of strong on-axis THz radiation with single-cycle

duration and electric field amplitudes exceeding 0.011 MV/cm [123]. Another study
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utilized amplified laser pulses to excite a large-area spintronic source, producing an electric
field of 0.3 MV/cm at the focus of the THz beam [19]. Under similar conditions, a field
strength of 1.2 MV/cm was reported using a TPFP scheme in LN crystals [127]. However,
it is possible to generate radially polarized THz fields with record-breaking field strength
exceeding 1.5 MV/cm through the interaction of lasers with thin metallic foils, resulting in
quasi-single-cycle and longitudinally polarized THz output [128]. In a more recent
development, the emission from spintronic emitters can be controlled by a magnetic field,
allowing for the production of a longitudinal THz electric field with a peak value of
0.0177 MV/em [129]. Spintronic THz emitters possess unique properties [130], and there

are alternative methods to generate strong longitudinally polarized fields.
1.7. Terahertz Pulse Driven Charged Particle Acceleration

THz pulses possessing an extremely high field strength are well-suited for the acceleration
of charged particles due to their appropriate wavelength and temporal period. Numerous
approaches have been proposed and demonstrated in the literature for the acceleration of
particles using laser-driven techniques [131, 132]. Furthermore, there have been reports of
the direct acceleration of a freely moving electron in an infinite vacuum along the axis by
means of a tightly focused, ultra-intense radially polarized laser beam [133-136]. After, the
development of efficient THz generation techniques [137] has made it possible to consider
THz pulse-driven particle acceleration as a realistic option, which has encouraged research
efforts to explore the use of THz radiation in enhancing electron energy and beam
characteristics in high-brightness electron sources [138, 139] and proton post-accelerators
[140]. Currently, the utilization of THz pulse-driven particle acceleration in both vacuum
[141] and waveguide structures [142] has emerged as a highly active and promising area

of study.

The utilization of 20 mJ, 0.6 THz-centered coherent THz pulses within optimized metallic
dielectric-loaded cylindrical waveguides was reported as a means to achieve compact
electron acceleration and bunch compression [138]. The initial experiment demonstrated
the use of an optically generated single cycle THz pulse, having an energy of 1.2 mJ

centered at 0.45 THz, for the purpose of linear electron acceleration in the dielectric-loaded
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circular THz waveguide. By utilizing 10 pJ THz pulses within a 3 mm interaction length,
an acceleration of 7 keV and 25 fC input electron bunch was attained [143]. A successfully
fabricated and demonstrated compact THz-driven electron gun, which incorporates a flat
copper photocathode, has been reported. The performance of this THz gun has effectively
accelerated a 50 fC electron bunch, aligning with the predictions made by particle tracking
simulation [144]. A proton accelerator that uses evanescent fields and is driven by high-
field and high-energy THz pulses with a single cycle has been reported [140]. Furthermore,
the acceleration of a proton beam, driven by an intense THz laser field originating from a

near critical density hydrogen plasma, has also been reported [145].

The tightly focused nature of the THz pulses may serve as one of the potential solutions
for achieving efficient particle acceleration through the use of THz pulse. The phenomenon
of accelerating individual electrons and groups of electrons to relativistic energies by
employing counter-propagating THz pulses that are focused has been reported. According
to the proposed configuration, the acceleration of electron groups from a state of rest up to
150 keV is projected to occur by employing single-cycle THz pulses possessing an energy
of 1 mJ and a central frequency ranging from 0.1 to 3.0 THz [146]. Turnar et al. in 2024,
conducted further investigation on the previously mentioned setup [146], in which counter-
propagating THz pulses were employed to directly accelerate electrons originating from a
gas jet, with the process of ionization being conducted by employing an intense and
ultrashort optical laser pulse [147]. In 2018, Zhang et al. successfully demonstrated the
functionality of a novel segmented THz electron accelerator and manipulator (STEAM), a
remarkably compact device designed for the purpose of acceleration and manipulation of
electron bunches. This STEAM device possesses the ability to dynamically transition
between various modes, including acceleration, streaking, focusing, and compressing.
Furthermore, it has the capacity to support multiple picocoulombs of charge and boasts
intrinsic synchronization. By utilizing merely a few microjoules of single-cycle THz
radiation, they were able to exhibit peak acceleration gradients of 70 MV/m, record THz
acceleration of >30keV [148]. Moreover, in 2019, they demonstrated a two-stage STEAM
configuration for the purpose of controlling the energy, energy spread, and emittance of
the electron beam. Through the implementation of this setup, they managed to attain a peak

acceleration field of 200 MV/m, resulting in a record-breaking THz acceleration of greater
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than 70 keV from an injected 55 keV electron beam, thereby leading to an acceleration of

electrons of up to approximately 125 keV [149].

It was reported that relativistic electron beams can be accelerated by using a dielectric-
lined waveguide driven by narrowband, frequency-tunable, polarization-tailored THz
pulses [150]. According to Turnar ef al. in 2021, 8 fC electron bunches with an energy of
up to 340 keV, an energy spread of only 2.0%, and a compressed on-target duration of 200
fs was calculated using single-cycle low-frequency THz pulses with a total energy of less
than 4.5 mJ [151]. Another study suggested the acceleration of electron bunches from a
state of rest to 8 keV, using single-cycle THz pulses with an energy level of pJ. This
acceleration was achieved through the implementation of a horn-shaped metallic
waveguide structure [142]. Recently, the generation of 13.9 mJ THz radiation in
cryogenically cooled LN was reported. This breakthrough marks a significant
advancement, as it raises the energy of crystal-based THz sources from sub-millijoules to
over 10 mJ [78]. These sources have the potential to enhance electron energy gain once
their radiation energies can be fully utilized. In 2023, Xieqiu ef al. demonstrated efficient
electron manipulation through the utilization of THz surface waves and hollow tube
waveguides. Their work focuses on the intense THz source that is based on coherent
amplification of the surface wave by free electrons, considering its radial polarization,

conversion efficiency (approximately 1%), and high THz energy availability [152].

For decades, research on particle acceleration using focused single-cycle THz pulses
created by the OR of ultrashort laser pulses has been investigated. Among them, the direct
acceleration of electrons in a vacuum by a tightly focused, ultra-intense radially polarized
beam has received particular attention [133-136]. The shape of the electric field of the low-
frequency THz pulses at the focus must be carefully taken into consideration in the case of
direct electron acceleration [141, 151]. Furthermore, the choice of the paraboloid mirror
shape, be it annular or of arbitrary opening, has the potential impact on the sharpness and
dimensions of the focal spot. Hence, a paraboloid having one contour is not the optimal
focusing element if the objective is to achieve the maximal field component in the z
direction for a fixed amount of input energy/beam power. Thus, in this thesis, which

introduces the proper optical arrangement, including a reflaxicon and a ring-like segment
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of an on-axis parabolic mirror as the focusing element, and to analyze the electric field
distribution around the focus for a typical geometry. Although the outcome is driven by
applications in particle acceleration, it should be noted that the derived formulas apply to
electromagnetic waves with arbitrary wavelengths, as illustrated by the example of
focusing THz beams. In this thesis the generation of extremely strong accelerating electric
field by focusing radially polarized THz pulses with a paraboloid ring that is suitable for

vacuum electron acceleration will be discussed in Chapter 6.
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2. Theoretical Description
2.1. Scalar Diffraction Theory

Electromagnetic diffraction theory can be classified into scalar diffraction and vector
diffraction based on different approximation conditions [153]. Scalar diffraction theory
focuses on the scalar amplitude of one transverse component of either the electric or
magnetic field, with certain simplifications and approximations. This theory can provide
accurate results when the diffracting aperture and observing distance are both much larger
than the wavelength, which is particularly relevant for optical systems with a low-NA.
However, for high-NA optical systems, where polarization effects are significant near the
focal spot, vector diffraction theory must be employed to trace the light field [81, 154]. To
study the focusing of short pulses of electromagnetic waves, it is convenient to begin with
a scalar diffraction theory. In this section, the approximation of a scalar diffraction theory,
specifically the Fresnel-Kirchhoff and Rayleigh—Sommerfeld diffraction formulas,
derived from the scalar wave equation and Green's theorem are examined. The diffraction
field is dependent on both the shape of the aperture and the characteristics of the incident
waves. These incident waves typically encompass plane waves, spherical waves, and

several types of beams.
2.1.1. Fresnel-Kirchhoff Diffraction Theory

Extensive discussions of Fresnel-Kirchhoff Diffraction theory are found in many
textbooks on theoretical optics. Here, we provide a brief outline without much rigor. A
suitable starting point is the scalar Helmholtz equation,

VZU+k*U =0 (2.1)

where U is a scalar complex function which represents an electromagnetic component.

Kirchhoff in applying Green’s theorem and in choosing a free space Green’s function a
unit-amplitude spherical wave expanding about a point Py:

_exp(ik|r —rg|)

Ty (2.2)
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where k = 2m /A is wavenumber, A is the wavelength of the incident, ry and r are the
vectors pointing on the closed surface S and the observation point Py, respectively. In the
integration, r is a variable and ry is a constant (see Fig. 2.1).
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Figure 2.1. Kirchhoff formulation of diffraction by a plane opaque screen.

Note here that Green's function is defined for the complete space, and not in a half one
only. Moreover, one can prove that the function U, because it satisfies the Helmholtz

equation, also satisfies the Sommerfeld’s radiation condition:

ou
lim R (— — ikU) =0 (2.3)
on

which implies that the integral in Eq. (2.14) over S, will vanish when R becomes arbitrary
larger. Next, we conduct integration on the surface S;. The values of U and its derivative
dU/dn are never know exactly, and consequently Kirchhoff made the following
assumptions [155, 156]:
1. Across the aperture o, the field U and its derivative dU/dn are the same as they
would be in the absence of a screen.
2. Over the portion of S; that lies in the geometrical shadow of the screen, U = 0 and

dU/on = 0.

These assumptions are called Kirchhoff's boundary conditions. By applying these
conditions, we find the field U at the point P, in front of the aperture:

1 exp(ik|r; — ro|) [0U

P,) = — — 4 - A

U(Py) e ﬂ Ty . + ik cos(n,r; — 19 )|d (2.4)
o
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This formula is referred to as Fresnel—Kirchhoff diffraction formula. The combination of
Kirchhoff's two boundary conditions implies that the field is zero in all areas behind the
aperture, which contradicts the established physical situation. Another indication of these
inconsistencies is the failure of the Fresnel—Kirchhoff diffraction formula to reproduce the
assumed boundary conditions as the observation point nears the screen or aperture

[155, 156].

Figure 2.2. Rayleigh—Sommerfeld formulation of diffraction by a point-source

illumination of a plane screen.
2.1.2. Rayleigh—Sommerfeld Diffraction Theory

The inconsistency of Kirchhoff's boundary conditions was removed by Sommerfeld by
choosing an alternative Green's function. The Green's function in this case is given by

exp(ik|r; —rol)  exp(ik|ry — rp)

6'(R) = 6'(R) = 6'(B) = —— P— 2.5)
where Py is the mirror image of P, on the opposite side of the screen (see Fig. 2.2).
Using the new Green function, we obtain the following:
Uy (By) = j vy ™ as 2.6)
This result is known as the first Rayleigh—Sommerfeld solution.
The corresponding normal derivative of G’ is
aG;Elpl) =2cos(n,r; —1y) (ik T i 1'0|) eXpTillclilrzerD (2.7)
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Substituting into the first Rayleigh—Sommerfeld solution and enforcing the Kirchhoff
boundary conditions, we obtain the exact form of the first Rayleigh—Sommerfeld solution:

1 exp(ik|ry — rpl)
U;(Py) = aff U(P) I —1r0| 0 cos(n,r; — 1y )dA (2.8)
g

This result is known as the Rayleigh—Sommerfeld diffraction integral. The Sommerfeld
formulation resolves the inconsistencies in Kirchhoff's theory. These diffraction
formalisms are not applicable for commercially available high-NA lenses or curved mirrors
that are commonly used in various optical applications. Moreover, the scalar nature of these
diffraction formalisms fails to account for the interdependence of the different components
of the electromagnetic fields. To accurately describe the propagation of light in cases where
the usual thin lens and paraxial approximations are not valid, a more rigorous approach is

required that incorporates the full-vector nature of electromagnetic radiation [155, 156].
2.2. Stratton-Chu Vector Diffraction Theory

Various forms of vector diffraction theories can be obtained through the utilization of a
vector analogues of Green's theorem, which serves as the mathematical foundation for
scalar diffraction theory. Specifically, Stratton and Chu [102] have developed a precise
method for solving diffraction and focusing problems by reformulating them as boundary
value problems. Within this specific section, we will discuss the rigorous derivation of the
Stratton—Chu integral formulae to obtain the vector wave equations for the electric and

magnetic fields.

The starting point in the derivation is to establish vector analogues of Green’s first identity
and of Green’s theorem (or second Green’s identity). By applying the divergence theorem
to the vector quantity P X V X Q, where P and Q are two vector fields within the closed

volume V" and on the surface S (see Fig. 2.3):

fff[v-(PxVxQ)]dV:ff(PxVxQ)-ndA (2.9)
14 S

Remembering the general vector identity:

V-(vxw)=w-(VxXVv)—v:-(VXw) (2.10)
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Which is valid for any pair of vectors v and w, we can expand the integrand in the preceding

volume integral and we obtain the vector analogues of Green’s theorem:

fVH[Q-Vx(VxP)—P-Vx(VxQ)]dV

(2.11)
:ﬂ[Px(VxQ)—Qx(VxP)]-ndA
S

which is the vector analog of Green’s second identity. These two integral theorems will be

the basis of further derivation [102, 157].

By setting P = E and Q = Ga, where E is the electric field, G is the scalar Green’s function
(see Eq. (2.2)). Implementing the preceding substitutions for P and Q in the vector Green’s
theorem and using the divergence theorem again, it is possible to obtain a surface integral

expression for the electric and magnetic fields [158]:

jf[iwu(n x H)G + (n X E) X VG + (n - E)VG]dA = 0 2.12)
S

This result, also referred to as the Stratton—Chu integral theorem [102, 157].

Py (x1,¥1,21)

——

~———

Figure 2.3. Geometry for the Stratton—Chu problem illustrating the closed integration
surface with the fixed observation point P,, the boundary (integration) point P; running on

the surface S, and a small spherical surface surrounding P,.

The integration over surface S, ( see Fig. 2.3) can easily be performed retracing the same
step that led to the Helmholtz and Kirchhoff integral theorem, leading to a contribution

4mE(Py) when € — 0. Putting together all the correct expressions for the contributions to
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the surface integral in Eq. (2.12), it is possible to obtain an integral expression for the

electric field that is given within its interior or on its boundary S:

E(P,) = %ﬂ liwp(n x H)G + (n X E) X VG + (n - E)VG]dA. 2.13)
S

An appropriate interchange of vectors, E - pH and H - —€E yields for the magnetic field

H:

H(P,) = ‘%’Tg [iwe(E x n)G + (n x H) X VG + (n- H)VG]dA. (2.14)

Equations (2.13) and (2.14) are usually referred to as the Stratton—Chu integral formula for
electric and magnetic field, respectively, at all points of a volume V with its closed
boundary S. The result of these equations holds only if the vector E and H, and their first
derivative are continuous at all points of S. These equations are equivalent to those obtained

by Ignatovsky for a closed surface [102].

Figure 2.4. P is the observation point at the position r. S is an open surface bounded by a

contour, C. n is the inward normal of S.

In many practical cases, the surface being considered is not a continuous (closed) surface;
instead, it is bound by a contour C, as shown in Fig. 2.4. In such cases, the surface integral
corresponds to a discontinuous (open) surface S and an additional term which describes the
effect of contour C. The general expression for the Stratton-Chu integral for the electric E

and magnetic H fields read as:
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E(P,) = %ff{iw#(n x H)G + (n X E) X VG + (n- E)VG]dA
S

(2.15)
+ - # VG(H - ds),
C
H(P,) = %ﬂff[iwe(E x n)G + (n x H) X VG + (n - H)VG]dA
: (2.16)

1
- # VG (E - ds).
4miwu
c

These formulae must be used for the general case of an aperture with an arbitrary shape
bounded by a contour C and an arbitrary wavelength. The detailed derivation found in

[102].
2.3. Vectorial Gaussian Beams

Gaussian beam expressions provide a comprehensive description of laser beams. The scalar
theory of Gaussian beams serves as an approximation to describe narrow beams of light.
A vectorial analysis is required to describe the electromagnetic fields in the focal region
with a small spot size. The accurate description of the Gaussian vector beam can be directly
derived from Maxwell’s equations [159]. Within this section, the paraxial wave equation
and its lowest-order linearly and radially polarized solutions are discussed. In 2000, Kirk
T. McDonald derived solutions to Maxwell's equation for Gaussian laser beams that can
be simplified to the vector Helmholtz equation for the vector potential A under the

conditions of Lorentz gauge [114].

The paraxial wave equation for the spatial envelope function 1 can be written as

2 . 0P _ _ 2.17
Vay + 2ik 0 (2.17)

where k = w/c is a wave number propagating in vacuum along the z-axis.

The function 1 should be expressed in terms of three geometric parameters of a focused
beam, the diffraction angle 6, the waist w,, and the depth of focus (Rayleigh range) z,,
which are related by,
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Op=—=—— and Zpy=—F/=— (2.18)

z
§=—, v=—"— (?=—==¢&+1v% and ¢=_ (2.19)
where p? = x? + y?2.

Changing variables and using relations in Egs. (2.18) and (2.19), Eq. (2.17) take the form

0y 0%
szl/) + 4la_§‘ + 93 a—gz = 0, (220)
where
_ 0%Y 0%y 1 a (. 0y
Vol = 92 Tz = Ea?(q az) (221)

since y is independent of the azimuthal ¢.

The form of Eq. (2.20) suggests that the series expansion [114],
¥ =0+ 05, + 031y + (2.22)
in terms of the small parameters 83. Inserting Eq. (2.22) into Eq. (2.20) and collecting

terms of order ¢ and 6&, we find

0y _

17,,21,00 + 4ia—c =0, (2.23)
and
0y, 0%,
\7p21/J2 + 416—(; = — PIch (2.24)

Equation (2.23) is called the paraxial wave equation, and its commonly accepted

fundamental solution of the paraxial equation is the Gaussian beam, which has the form:

Yo = f(2exp(—f(2)7?), (2.25)
where
11 1+4iz/zy exp[—itan '(z/zy)]
f(Z)_1+ig_1+iz/zo_1+22/zg_ STt Glzg)? (2.26)

Using Eq. (2.26) into (2.25), the lowest-order wave function Y, is given by
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Yo =

[—itan™'(z/ )] k
exp[—itan~'(z/z, [ z(z)l IZ(L zp? 227

J1+22/72 22+ z5)|

where

w(z) = w, /1 + 22 /2% (2.28)

is the characteristic transverse size of the beam at position z . The factor
exp[—itan~1(z/z,)] in P, is the so-called Gouy phase shift, which changes from 0 to

/2 as z varies from 0 to oo, with the most rapid change near the z, [114].

Considering that the vector potential A satisfies the free-space wave equation,
1 9%A
VA = ——- 2.29
c? 0t? (2.29)
The solution in which the vector potential A is described by a single Cartesian component

A; that propagates in the +z direction with the form,

Aj(r,t) = P(p, z)exp(ip), (2.30)
in the absence of temporal pulse shape, where the phase ¢ is given by
¢ = kz — wt. (2.31)

For linearly polarized Gaussian beam, the x component of the vector potential only non-

zero and has the form using the scalar wave function Y, becomes,
Ey .
Ay = Elpoexp(lgo), Ay =4,=0, (2.32)

The corresponding electric E and magnetic H fields components of linearly polarized

Gaussian vector beam is given by [114],
p?
E.(p,z) = E f (z)exp <—f(z) W ikz),
0
E, =0, (2.33)

E,(p,2) = —iff (- ) g

and
H, =0,
Hy(p' Z) = Ex(p! Z)' (2.34)

H,(p,2) = —i6of (Wl) E,
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Also, for radially polarized Gaussian beam, the z component of the vector potential only

non-zero and has the form using the scalar wave function 1, becomes,
Eo .
Ay =4,=0, A, = —P.exp(ip), (2.35)
ko,
The corresponding electric E and magnetic H fields components of radially polarized
Gaussian vector beam in terms of cylindrical coordinate system (p, ¢, z) are given by
[114],
p p?
E,(p,z) = E, - [f(2)]?exp (—f(z) — = ikz),
0 Wo

Ey =0, (2.36)

2

E(p,2) = i6Eof ()] (1 - f@ Z—) exp (—f(Z)% - ikz>,

0 0

and
H, =0,
H¢(pi Z) = Ep(p: Z)! (237)
H, =0,

apart from the exp(—iwt) factor. In Egs. (2.33), (2.34), (2.36) and (2.37), the terms
proportional to the second and higher order powers of 8, are neglected. Furthermore, the
transverse electric field is radially polarized and vanishes on the axis. The longitudinal

electric field is nonzero on the axis. Near the focus, E, = i0,E, and the peak radial field is

E,/N2e = 0.43E, [114].

A comparison is made between radially and linearly polarized Gaussian beams based on
the radial distribution of the amplitude of their transversal electric field components |Ep|
and |E,|, respectively (see Fig. 2.5). The |Ep| of a radially (see Eq. (2.36)) and the |E,| of
a linearly polarized (see Eq.(2.33)) Gaussian beam are plotted in Fig. 2.5 versus p/w. |E pl

was normalized to 1. The power of the two beams was assumed to be equal as a normalizing

condition for |E,|. Note that while w is regarded as the characteristic size of the linearly
polarized beam (where |E, | reaches 1/e of its maxima), w/~/2 is the characteristic size of

the radially polarized beam, where |Ep| reaches its maxima. At p/w = 1/4/2 both electric
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field amplitude equals 1/+/e. Owing to the characteristics of the transversal distribution of
|Ep| shown in the Fig. 2.5, such beams are called Doughnut Beams. Note that the curves

shown in Fig. 2.5 are independent of the z position. Therefore, w was used in the Fig. 2.5

without any argument above.

1.00 :
e |Ep| (Rad. pol.)
T 075} —— ] (Lin. pol.) |
o 1
m e T T ———
E 4 ;
S 050f : .
Z s
2 o025t | ]
O
00 05%L 10 15 20 25
V2

olw

Figure 2.5. The |Ep| (|Ex|) amplitude of the transversal electric field component of a

radially (black line) and a linearly polarized (red line) Gaussian beam [160].
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3. Scientific Goals

The main goal of the thesis was to investigate theoretically the generation of extremely

strong longitudinal electric field by focusing radially polarized monochromatic laser beams

and THz pulses using a paraboloid mirror or its segment with perfect reflectance. This

involved analyzing the axial and radial distributions of the longitudinal electric field and

the pulse characteristics in the focal region, aiming to attain high field intensities suitable

for particle acceleration applications.

The specific objectives of the thesis were:

To derive general formulae for the electric field produced by focusing of radially
polarized, monochromatic, flat-top beam using a parabolic mirror. This involves a
rigorous theoretical analysis using the Stratton—Chu vector diffraction theory to
examine the distribution of the electric field, especially the characteristics of the
longitudinal and radial electric field components for particle acceleration
applications.

To develop general formulae for the electric and magnetic field characteristics of a
focused radially polarized Gaussian vector beam by a parabolic mirror, based on
the Stratton—Chu vector diffraction method. This objective focuses on different
numerical apertures and incident beam divergences to determine axial and radial
distributions of the longitudinal electric field component, essential for particle
acceleration.

To validate and compare the derivation of the electric field distribution formulae,
which are based on the Stratton—Chu vector diffraction theory, with a theory based
on Rayleigh—-Sommerfeld and Richards—Wolf models in the focal region,
specifically for a case involving large NA and short wavelength regimes.

To generate extremely strong accelerating electric fields by focusing of radially
polarized THz pulses with a parabolic mirror ring. The objective here is to create a
novel setup using a reflaxicon and a ring-like segment of a parabolic mirror to
achieve high field intensities suitable for vacuum electron acceleration. The
calculation of electric field distribution in the focal region was performed by the

Stratton—Chu vector diffraction method.
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To determine an energy gain on the order of MeV by an electron moving at nearly
the speed of light from the study of the acceleration using a simple model and
expecting the energy gain to depend on the relative motion direction (same and

opposite) of the electron and the sweeping velocity of the field maxima.
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4. Focusing of Radially Polarized Electromagnetic Waves by a

Parabolic Mirror

4.1. Introduction

A high-NA parabolic mirror with a radially polarized beam is well-suited for achieving a
small focal spot size and a strong longitudinal electric field [81, 82], which opens up
possibilities for application in particle acceleration [115, 116]. In particle acceleration
development, it is crucial to precisely know the characteristics of the electromagnetic field
of a focused beam in the focal region. Different vector diffraction methods are necessary
to accurately determine all polarization components' electric and magnetic field
distributions during tight focusing. The Stratton—Chu vector diffraction method [102]
provides more accurate results [108] than the Richards-Wolf method [99], particularly in
situations involving long wavelengths. Focusing of linearly polarized, monochromatic
electromagnetic plane waves [103, 104], and pulses [105] by a paraboloid is already
elaborated based on the Stratton—Chu diffraction theory. A more comprehensive
investigation recently reported into applying the vector field focusing properties of
electromagnetic fields by a parabolic mirror, based on the Stratton—Chu integral formalism
[161-163]. The existing literature does not provide a detailed theoretical and analytical
study of the vector field focusing properties of radially polarized beams by on- and oft-
axis parabolic mirrors based on the Stratton—Chu integral representation. This chapter
presents a rigorous derivation of the electric field obtained when a parabolic mirror focuses
a radially polarized, monochromatic, flat-top beam. The formulae are deduced from the
Stratton—Chu integral, which is well-known in vector diffraction theory. For focusing, a
perfectly reflecting large NA on-axis parabolic mirror is supposed to have practical
importance. After validation, the electric field for various focusing conditions is
determined using these formulae. This chapter explains the first sub-study of the thesis,

which is based on my original scientific results [111].
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4.2. General Formulae of the Parabolic Mirror

In this section, I have compiled the fundamental equations relating to the paraboloid
without providing their derivations. Considering an ideal on-axis parabolic mirror with its
focus, F, at the origin, O, of a Cartesian coordinate system, with z being the symmetrical
axis of the paraboloid, as illustrated in Fig. 4.1. The equation of the paraboloid is given by
[103]:

Ze=—Fr——fu (4.1)

where X, ys and z, are the coordinates of an arbitrary point S of the paraboloid and f;, is
the focal length of the parabolic mirror. Let 1y = (x52 + ys% + z,2)/? is the distance of
any arbitrary point, S (xs, Y5, Zs) lying on the paraboloid surface, S measured from F. Hence

it follows from Eq. (4.1) that

s = Zg + 2f;. (4.2)
Using the spherical coordinate system (7 sin 85 cos @, 7 sin 8 sin @ , 15 cos 6s), Eq. (4.2)
becomes
2f1
5(0s) =T o (4.3)

Figure 4.1. Schematic diagram of the parabolic mirror with notations [111].

In a cylindrical coordinate system with z axis, and origin, O the radial and axial coordinates

of S are
ps(es) = rs(es) sin 6, (4.4)
Zs(es) = rs(es) - ZfL' (45)
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The surface element of the paraboloid dA is given by:

2
T.
dA = =sin 6, d6,d@., (4.6)

nZ
and the small, azimuthally directed vector line element on the circumference of the

paraboloid belonging to 6y is
0
ds = 2f, cot (7S> (—sin @ e, + cos @ ey)d(DS. (4.7)

The unit vector n pointing inward normal to the surface of the paraboloid is written as

[108]:

1
A (xsex +ys€y) + €,
n(xS’yS) = )
x 2 + 2
1 + S4ﬁ2ys

(4.8)

where e,, e, and e, are the unit vectors pointing into the x, y and z directions, respectively.

Using the spherical coordinate system (1 sin 6 cos @, s sin 8, sin @, 15 cos 6, ) and
Eq. (4.3), the component of the inward directed unit vector n at a given point, S on the
paraboloid surface, S are given by

sin 6, cos @
[2(1 — cos 65)]Y/?

sin 6, sin @

Ty = [2(1 — cos 6,)]1/? (49)

1—(:05951/2
"Z:( 2 )

where 6; is the polar, and @ is the azimuthal angle as shown in Fig. 4.1.

n, = —

4.3. The Stratton—Chu Integral Formulae

For fields oscillating with w angular frequency, Stratton and Chu constituted a formula pair
for the electric and magnetic fields, see Eqgs. (2.15) and (2.16), which can be regarded as
the basic equations of the vector diffraction theory [102]. The Stratton—Chu formulae refer
to a discontinuous (open) surface, S bounded by a closed contour, C as illustrated in

Fig. 2.4. If the electric E and magnetic H fields are known at each ry = (xg, ys, Z5) point
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on S, and along C, then the electric and magnetic fields at r = (x,y, z) on arbitrary point

P can be determined as

E(r) = %j[ik(n X H)G + (n X E) XVG + (n-E)VG]dA

(4.10)
4 k VG(H - ds)
and
1
H(r) = Ef[ik(E Xxn)G+ (mxH)XVG+ (n-H)VG]dA
g @.11)
~ Ak VG(E - ds)
C
with the free-space Green’s function, G (see Eq. (2.2))
_ M’ (4.12)
u
u=r,—r, (4.13)
u=[(xs — %)% + (vs — ¥)?+(z; — 2)?]"/? = (Ax? + Ay?+Az?)'/?, (4.14)

and the VG should be calculated at the points S (xg, ys, Z) of the paraboloid [103]. It can
be expressed as:

) exp(Lku) (4.15)

VGz(k—— -

u

where k = w/c = w+/eu is a wave number. Let us notice that the expressions for both E

and H consist of two main terms: a surface and a contour term, see Egs. (4.10) and (4.11).

4.4. Vector Diffraction Field of Radially Polarized Monochromatic Plane Waves by

Parabolic Mirror

The electric and magnetic fields created by focusing with a segment of a parabolic mirror
are calculated by assuming that the segment of the paraboloid is bounded by the vertex V
and a plane perpendicular to the optical axis located at z < 0, as illustrated in Fig. 4.2.
Considering the complex electric and magnetic fields at an arbitrary point inside the
parabolic mirror — because of practical interest, especially in its focal region. For the

derivations, the electromagnetic boundary conditions concerning a perfectly reflecting
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surface S, together with relations concerning the different geometry of the paraboloid [103]
were used. If an incident beam illuminates the reflecting surface S, then based on the
electromagnetic boundary conditions, the electric E and magnetic H fields related to the
incident fields E; and H; as [103]:

E(S) = 2n(E; - n),

(4.16)
H(S) = 2H; — 2n(H; - n).

Radially polarized
plane wave

plane

Figure 4.2. Schematic diagram with notations for the study of focusing radially polarized

waves by a segment of a parabolic mirror [111].

Let the incoming radially polarized monochromatic plane wave propagate in the negative
z direction. In the cylindrical coordinate system (p, @, z), the radially polarized wave has
an electric field in the radial direction concerning the propagation axis. In contrast, the
magnetic field is aligned in azimuthal orientation. There are no longitudinal components
for both electric and magnetic fields. The incident electromagnetic field can be written as:
E; = aexp(—ikz)[cosPe, +sinPe,],
H; = aexp(—ikz)[sin@ e, —cosPe,], 17

where a represents the constant amplitude of the incoming field.

Let us start by discussing the surface integral term of the electric field in Equation (4.10).

Using Eqgs. (4.16) and (4.17), the expressions in Eq. (4.10) can be written as
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n X H(S) = 2an, [cos Ds e, +sin@; e,

(s ma)o
(nz cos®5+nz sin @, | e, | exp(—ikz,), (4.18)

n X E(S) =0,
n - E(S) = 2a(n, cos @ + n, sin @, )exp(—ikzy).

where S in the bracket refers to the surface.

Substituting Egs. (4.2), (4.8), (4.12), (4.17) and (4.18) into Eq. (4.10), the surface integral

term of electric field in Eq. (4.10) one can obtain

T 2T
exp(2ik explik(u — .
ES(P)=ES(P,Z)=aMikff d6, do, pl (u S)]rszsines
5§ 0

2
(4.19)
oo - o (3) (1~ ) T o et )1 - (1- ) T e
€05Ps 702 iku) w ) € TN T T
where Ax = 7;sin 6 cos @ — p, Ay = 75 sin 6, sin @, Az =r;cos0; —z and

u = [Ax?+Ay? + Az?]'/2. P was supposed to lie on the x axis (see Fig. 4.3). e, and e,
are the unit vectors pointing in the radial and axial directions, respectively. Due to the axial

symmetry E¢(P) has no azimuthal component.

Figure 4.3. Schematic diagram with notations for the study of focusing radially polarized
wave with a focusing element (the blue circle in the x-y plane) having small numerical
aperture. The observation point P is located at a distance p from the z axis. The dashed line

is a ‘ray’ passing through the focus F [111].
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Let us now consider the contour integral term of the electric field in Eq. (4.10). From
Egs. (4.9), (4.16) and (4.17), the Cartesian coordinate components (Hx, H,, HZ) of'the total
magnetic field can be written as:
H, = 2asin @ exp(—ikz(5)),
H, = —2acos @ exp(—ikz(&)), (4.20)
H, =0,
where § = 6, is the focusing angle (see Fig. 4.2).

From Egs. (4.7) and (4.20), the dot product H(S) - ds becomes

H(S) - ds = —4af, cot (;) exp(—ikz(8))dg;. 4.21)

Substituting Egs. (4.12), (4.15) and (4.21) into (4.10), the contour integral term of electric
field in Eq. (4.10) one can obtain

Ec(P) = Ec(p,2)
__afiexp(2ikf;) cot (é) fZ” explik(u — 75(6))]
n 0

- 2 u (4.22)

x (1 1)(“ 2 ) de
iku) \u & T 82) P

with Ax = r,(§)sindcos@s — p, Ay =1,(6)sindsin@,, Az =r,(5)cosd —z and

u = [Ax?+Ay? + Az?]*/2. Due to the axial symmetry E.(P) has no azimuthal component.

The total complex electric field can be given as:

E(P: Z) = ES(,DJ Z) + EC(P: Z)' (423)

In the following Section, call attention to the fact that, E,, and E, represent the real parts of

the complex field components.

Let us continue the derivation for the magnetic field. Using Eqs. (4.16) and (4.17), the
expressions in Eq. (4.11) can be written as
E(S) Xxn=0,

4.4
n-H(S) = 0. (3.24)
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Substituting n X H(S) from Eq. (4.18) into Eq. (4.11), the surface integral for the magnetic

field having only azimuthal component one obtains:

2T

1 1{[t95Ax @Az}
X( ‘@) €0 (7)7‘“’5 s €

where Ax, Ay, Az and u are mentioned in Eq. (4.19). ey is the azimuthal unit vector. The

T 2T
exp(2ik explik(u — .
HS(P)=H5(P,Z)=aMikff d6, do, pl Sl S)]rszsinﬁs
50

(4.25)

dot product E(S) - ds = 0, hence the contour term for the magnetic field is zero.
4.5. Analyses of the Theoretical Results for Different Focusing Conditions

In this section, the results of calculations using the vector diffraction electric field
distribution, previously introduced, are analyzed and discussed for various focusing
geometries. It is important to note that parabolic mirrors are commonly used optical
elements in experimental setups, especially within wavelength ranges such as THz, where
conventional lenses and spherical mirrors are less effective. In the interest of broad
applicability, rather than explicitly defining focal length (f;), the wavelength (1), and r,
(which can be interpreted as the incident beam radius, as shown in Fig. 4.2) as absolute
parameters, I introduce the ratios A/f; and ry/f; as relative parameters. This alternative
approach allows for a more generalized consideration of these quantities. The relative

parameter 1,/ f; is related to the focusing angle 6 (see Fig. 4.2) as follows:

(3(3) -1)

6 = arccos| ———=——, (4.26)
LY 41)
4\fi
and
§=m-24. (4.27)

In this analysis, I kept the A/f; ratio below 0.1 because the case where 4/f; is greater than
0.1 is not very relevant in practice. Assuming a standard value of f; = 50 mm, the 1/f;
ratio being less than 0.1 applies not just to the visible and (near-, mid-) infrared, but also

to the THz frequency range of 0.1—10 THz. Even when 4/f; equals 0.1, the corresponding
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frequency is only 0.06 THz. Therefore, for A/f; is smaller than 0.1, the entire THz range
is covered. The significance of THz fields is remarkable due to their usefulness in particle
acceleration [148, 150, 164] because of their advantageous wavelength and the availability
of pulses with extremely high energies and electric field strengths using the TPFP
technique [54, 75].

Before implementing the above-introduced theory based on the Stratton-Chu formulae, it
is essential to validate its reliability. To do so, I compare its results with those obtained
from the commonly used scalar diffraction methods, considering separately two
perpendicular (x and z) polarization components. The E, and E, field components
obtained using scalar diffraction methods (depicted as red dashed curves in Fig. 4.4) were
derived from the Rayleigh-Sommerfeld diffraction formula [155] adapted for the case
shown in Fig. 4.3, assuming a ‘thin’ focusing element. The amplitudes of the aperture
functions associated with the transversal and longitudinal field components from the

focusing element are

fu

1/PF2 +f,°

PFr

1’PFZ +f,°

respectively, where E|) is the electric field just before reaching the focusing element. The

Er, = Eycosecos Pr = E, cos @,

(4.28)
EFZ == EO SIDE - EO

radially dependent part of the phase factor resulting from the focusing element is

2
exp(—ipp) = exp (—lk p_) (4.29)
2fy
Hence,
To 21
exp(—iku)
E (P)“f f Eppexp(— l‘PF)— prdppd@p,
(4.30)
To 2m ( ku)
exp(—i
E (p)ocf f Ep,exp(— lQDF)— prdprdDpg,
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with

u=(p?+f,> +p? — 2ppg cos Q)F)l/z. (4.31)

The methodology proposed by Endale et al. [113] was also used to analyze the electric
field distributions for a flat-top beam as a validation. This approach is based on the
diffraction theory established by Richards—Wolf [99]. The resulting curves, computed
using this approach, are depicted as blue dotted lines in Fig. 4.4.
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Figure 4.4. The transversal distribution of the radial (a,c) and longitudinal (b,d) component
of the electric field at z =0 for 1/f;, = 1073 and 7,/f; = 0.1 (a,b), 15/f;, = 1.8 (c,d)
parameter values. The black solid curves were computed using the Stratton—Chu integral
for parabolic mirror, the red dashed ones using the Rayleigh—Sommerfeld integral and the

blue dotted ones using theory of Endale ef al. (Richards—Wolf integral) [111].

Upon analyzing the parameters A/f, = 1072 and r,/f, = 0.1 (with corresponding

6 = 5.72° angle), it seems that the contour term in my model based on Stratton—Chu is
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relatively negligible in comparison to the surface term. It is worth considering that the
parabolic mirror can be regarded as thin, which could have potential implications for our
model. In this paraxial regime, the results of my (Stratton—Chu) model show excellent
agreement with the other two models (Rayleigh—Sommerfeld and Richards—Wolf), as
shown in Figs. 4.4 a and b. The Rayleigh-Sommerfeld integral gives a misleading result
for A/f, = 1073 and for large NA (7,/f;, = 1.8 with corresponding § = 83.9° angle).
Even the model of Endale et al. [113], which is not restricted to small numerical apertures,
only works well in the vicinity of the z -axis for low p/A values, as seen in
Figs. 4.4 ¢ and d. These conclusions confirm the necessity of using my model based on
Stratton—Chu in large NA regimes when the spatial extension of the parabolic mirror in the

Z (longitudinal) direction becomes comparable with its transversal extension.
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Figure 4.5. The transversal distribution of the longitudinal component of the electric field
atz =0 for A/f;, = 0.1 and ry/f;, = 0.2 parameter values. The total field (blue solid line)

consists of a surface (black dashed line) and a contour (red dotted line) term [111].

In the analysis conducted, it has been established that the contribution of the contour term
has been found to be negligible in all cases examined in the following discussion. However,
for instance, when r,/f;, = 0.2 and A/f; = 0.1, the surface and contour terms exhibit
comparable magnitudes, as illustrated in Fig. 4.5. In this figure, the black dashed line
represents the surface term, the red dotted line represents the contour term, and the blue

solid line represents their sum, which is the total field component. Under the focusing
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conditions in Fig. 4.5 for the field component, the surface term is more dominant than the

contour term.
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Figure 4.6. The transversal distribution of the radial (a,c,e) and longitudinal (b,d,f)
components of the electric field at z = 0 for various A/f; and r,/f; parameter values. The

insets show the corresponding |E|? distribution. Please note that the vertical scale range

for (a) differs from the ones of (b-f) [111].
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The normalized distributions of the electric field components E, and E, are plotted against
the radial coordinate, which has been normalized by the wavelength, as shown in Fig. 4.6.
This normalization of coordinates allows for plotting curves with different 1/f; values on
the same scale. Specifically, Figs. 4.6 a and b are associated with ry/f, = 0.2 (§ = 11.4°
angle), Figs. 4.6 ¢ and d with y/f;, = 0.6 (§ = 33.4° angle), and Figs. 4.6 e and f with
1o/f. = 1.8 (5 = 83.9° angle). All the curves presented in Fig. 4.6 are located in the focal
plane at z = 0 and are normalized to 1. Notably, the figures include explanations that
specify the field amplitude enhancement factors, denoted as h, in comparison to the
amplitude of the incoming field, labeled as a. These details are crucial for understanding
how the magnitude of the field components is influenced by scale with the 1, /f; and 1/f;,
parameters, thereby facilitating a comparative analysis of the E, and E, amplitudes across

different focusing geometries.

The curves shown in Fig. 4.6 oscillate with decreasing amplitude. At the focal point, E,
gets maximum values, while E, is consistently zero, as expected. When the 7, /£, value is
constant, it becomes difficult to practically distinguish between the curves of different
wavelengths unless they exceed a certain threshold of A/f;. These similar curves are
indicated by the “<” sign (see the labels). The threshold A/f; value increases with

increasing 1,/ f7..

Based on the analysis of the enhancement factors (shown in brackets), it is clearly evident
that, at a constant 1, /f;, the field strength increases as the wavelength decreases. Detailed
calculations show that below the threshold, it scales with A~1. When the wavelength is held
constant, the field strength significantly increases as 7y/f, ratio increases. When
comparing the amplitudes of curves with the same A/f; in pairs of figures
(Figs. 4.6 a and b), (Figs. 4.6 ¢ and d), and (Figs. 4.6 e and f), it is evident that for a low
value of 7/ f;, (as seen in Figs. 4.6 aand b), the E,, field component is larger than E,, while
for a large 1,/ f, (as seen in Figs. 4.6e and f), E, is dominant, as expected. This analysis is
particularly relevant for those planning particle acceleration applications. It is also
observed in Fig. 4.6 that the first zero crossing value decreases with increasing ry,/f;, for

both field components. The absolute value of squared field components is plotted in the
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insets to make it easier to observe certain characteristics. The first maxima for the radial
component and the first minima for both components shift to the left as increases ry/f7,

although the degree of this shift decreases for larger r /f;.

The design of a waveguide-based electron accelerator requires results similar to those
shown in Fig. 4.6. When aiming to efficiently in-coupling into the waveguide through
focusing, it is important to match the width (in p/A) of the E, distribution curve to the
characteristic r; /f; value of the waveguide, where r; represents the core radius. For the
optimized parameters (r; = 380 um core radius, d = 32 um dielectric thickness, 0.6 THz
frequency) of a dielectric-coated metallic waveguide, r;/f; is approximately 0.7 [138].
Among the curves in Fig. 4.6, the best agreement can be found in Fig. 4.6 d. This suggests

that r,/f; = 0.6, making it a suitable focusing geometry for in-coupling into the

waveguide.
1.0 R\ I ‘ l ' I 7
o _
iy —ff =02(5 =11.4°)h=631 |
o ---rJf =0.6( 5 =33.4°) h=556
L o[ ) —
0.5¢ v\ ... rff =1.8( 8 =83.9°)h=389 7
3 bl |
T i ll.
I X -
~ L R S N
o
Y Af =10?
z=0
-0.5F 1
0 5 10 15 20
pIA

Figure 4.7. The transversal distribution of the azimuthal magnetic field at z = 0 for various

1o/ f, parameters for 1/f; = 1072,

As mentioned above, the magnetic field has only azimuthal component. It can be
determined by Eq. 4.25. The azimuthal magnetic field distribution with p/A is shown in
Fig. 4.7 forz = 0,1/f;, = 1072 and for r,/f, = 0.2, 0.6 and 1.8 as also supposed in Figs.
4.6 a-f. The oscillation period decreases with increasing numerical aperture. The field
enhancement factor, 4 obviously increases with the numerical aperture. For smaller NA

(ro/fL = 0.2 and 0.6) £ is close to the & values concerning the E, (see Figs. 4.6 a and ¢),
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while for large NA (r,/f, = 1.8) it is between the /& values of E, (see Fig. 4.6 ¢) and E,
(see Fig. 4.6 1).
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Figure 4.8. (a) The longitudinal distribution of the longitudinal component of the electric
field at p = 0 for ry/f;, = 0.6 and A/f; = 0.1 parameter values together with the absolute
valued field. The corresponding |E,|? distribution for, (b) a constant focusing angle
(ro/fr = 0.6) for three different wavelengths (1/f;) and (c¢) a constant wavelength
(A/f. = 0.1) for three different focusing angles (1,/f.)-
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For instance, to understand longitudinal distributions better, the E, distribution along the
optical axis was computed and plotted in the Fig. 4.8 a, considering A/f; = 0.1 and
1o/f1 = 0.6. The graph clearly indicates that the peak of the curve is shifted from the focus
towards the apex of the mirror, as observed before in the case of linear polarization [103].
The relationship between A/f;, and this shifting effect can be better studied using the |E,|?
curves, as seen in the Fig. 4.8 b. Below A/f;, = 1072, this shift is insignificant, while for
A/f, = 1071, the shift of the peak of the |E,|? curve is approximately 1.2 A. The full width
at half maximum (FWHM) of the |E,|? curve is about 4.5 A for A1/f;, = 10~! and about 64
for A/f, < 1072. Further examinations revealed that for a fixed A/f;, the shift is more

pronounced for lower 1, /f; values, as seen in the Fig. 4.8 c.

To further investigate this phenomenon, I expanded the calculations to include even smaller
numerical apertures. The results for two different wavelengths are presented in the
Fig. 4.9 a. The tendency is monotonous in the whole range. As the aperture size (relative
to the focus) approaches zero, the location of the maximum amplitude converges to the
vertex point. It is important to note that for extremely small apertures (when ry < 4, as
indicated by the circled points), the contour term in the Stratton—Chu integral dominates
the surface term. The Fig. 4.9 b. compares the curve representing the maximum of |E, |?
for a linearly polarized plane wave. The convincing similarity clears all doubt on the

1o = 0 singularity of the radially polarized in the small numerical aperture regime.
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Figure 4.9. The shift of the high field point versus the aperture radius for the radially

polarized (a) and linearly polarized plane wave (b). The axes are normalized by f;.
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4.6. Conclusion

This chapter presents derived formulae about electromagnetic field distributions when
focusing radially polarized, monochromatic, flat-top beams using on-axis parabolic mirrors
with perfect reflectance. The analytical calculations employed in this investigation were
based on the well-known Stratton—Chu vector diffraction method. The method was
effectively validated within a small NA and a negligible contour term, using the Rayleigh—
Sommerfeld diffraction formula as a reliable alternative. Analysis of the transversal and
longitudinal distribution of the radial and longitudinal electric field components was
conducted under various focusing conditions. The implications of these results are
significant in the area of THz techniques, like THz imaging and linear and nonlinear THz
spectroscopy, particularly in particle acceleration applications, where intense longitudinal
electric fields are essential. Although this investigation focused on monochromatic plane
waves and connected paraboloid segments in on-axis geometry, there is potential for
further development in electromagnetic pulses, various input beam types (e.g., vector
Gaussian beam), and various types of parabola segment configurations (e.g., ring-like slice

or off-axis geometry), as will be discussed in the following chapters.
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5. Electromagnetic Field Distribution and Divergence-Dependence
of a Radially Polarized Gaussian Vector Beam Focused by a

Parabolic Mirror
5.1. Introduction

The focusing properties of radially polarized Gaussian beam with a high-NA objective has
recently attracted many researchers because of a small spot size and a strong axial electric
field components in focal region [113, 165]. Linearly polarized laser beams typically
exhibit behavior consistent with the widely recognized Gaussian beam formula, which is
derived from the paraxial wave equation governing the electric field [166, 167]. However,
it is important to note that this is not the only solution attainable from Maxwell's equations
through reasonable approximations. Kirk T. McDonalds has successfully deduced the
formulae for a radially polarized Gaussian Vector Beam, also referred to as an Axicon
Beam [114]. His approach relied upon the application of a paraxial approximation within

the wave equation concerning the vector potential.

This chapter introduces derived formulae concerning the radial and axial electric fields, as
well as the azimuthal magnetic field of a radially polarized Gaussian vector beam focused
by a perfectly reflecting on-axis parabolic mirror with an arbitrary NA. The field properties
at the focal point are analyzed, particularly for a case with a large numerical aperture. The
potential use of a paraboloid ring as a practical tool for particle acceleration is considered,
discussing its ability to generate a strong longitudinal field component. The model can
manage divergent beams and address related issues. The variation in field distributions,
including changes in the focal point and the field enhancement factor, in relation to the
divergence angle is examined. The advantages of using THz wavelengths are highlighted,
with specific examples provided. While the investigation is motivated by applications in
particle acceleration, the acceleration mechanism itself is not discussed here. This chapter
explains the second sub-study of the thesis, which is based on my original scientific results

[160].
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5.2. Vector Diffraction Field of Radially Polarized Gaussian Vector Beam by

Parabolic Mirror

When considering a vectorial Gaussian incident beam as described by Egs. (2.36) and
(2.37), the electric and magnetic fields can be expressed using Cartesian components, while

cylindrical arguments are:

Ei(p! Z) = [a(p) Z, ZW) Cos (Z) ’ a(P' Z, ZW)Sin (Z) , b(p) Z, ZW)]exp(_ikZ))

(5.1)
H;(p,z) = [a(p, z,2y) cos @, —a(p, 7, z,)sin @, 0]exp(—ikz),
where in accordance with Egs. (2.36) and (2.37)
p p’
a(p; z, Zw) = EO - [f(Z - ZW)]ZEXp <_f(Z - Zw) _2>:
Wo Wo
(5.2)

b(p,2,2,,) = 16oEolf (2 = 2,)]* <1 —fz—2z,) %) exp <—f(z — 2y) %)

0 0

where the f function is defined in Eq. (2.26). The role of the z,, parameter is to shift the
beam waist from z = 0 to z = z,, (by replacing z with z — z,, in the argument of f)

according to the circumstances in Subsection 5.3.2.

Due to the cylindrical symmetry of the illumination, a and b along the surface, S can be
only considered as a function of the 6, coordinate (see Fig. 4.1) and the z,, parameter as:

ps(6s)
Wy

XCAIR
a(05,7) = Bo=, = {f12:(60:) = 2]} exp {‘f[zsws) ~ 2] lp (o )l }

W

56
b(es'zw) = ieOEO{f[Zs(es) - Zw]}2 {1 - f[Zs(es) - Zw] lp (0 )l } (53)

w
xm{ﬂmw—mrﬁﬂ}

W

The integral expressions used to describe the electric and magnetic field distribution for
focusing a radially polarized Gaussian vector beam were derived using the same
mathematical procedure as the previous chapter [111]. By using Egs. (4.9), (4.16) and (5.1)

one can obtain
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0
n X H(S) = 2an, [cos @, ,sin@,, cot <?S>] exp(—ikzy),

nxE(S) =0, (54

n-E(S) =2n, [b —acot (%)] exp(—ikzg)

Taking into consideration Egs. (4.6), (4.12), (4.15) and (5.4), and by symmetry

considerations the surface term of the complex electric field in Eq. (4.10) is:

T 2T
2ik e (u —
E(p, 7) = SR f f a6, do, =PL! (; B2 Gne,
5 0

21
X {[a cos @ + (b —acot (ﬁ) (1 — L) A_x)] e (5-3)
2 iku/ u/l™"
0, 0, 1\Az
 facor(Z) + (p-acor(3) (1-) )] o)
where Ax = 1y sin 65 cos @ — p, Ay = 1, sin 6, sin @, Az =1, —2f, —z and

u = [Ax?+Ay? + Az?]1/2.
The dot product H(S) - ds with 6, = § for the Gaussian vector beam is as follows:

H(S) - ds = —4af, cot (;) exp(—ikz)d@,. (5.6)

Substituting Egs. (4.15) and (5.6) into Eq. (4.10), the contour term of the complex electric
field in Eq. (4.11) is:

EC(P'Z) = -

fuexpQikfi) (ﬁ) 3§ . exp|ik(u — 1,(5))]
T

2 u

x<1 1>(Ax +AZ )d(b
iku) \u & T 82) P

with Ax = 1r;(6)sind cos@; —p, Ay =1,(6)sindsin@,, Az =1,(8) — 2f, —z and

(5.7)

u = [Ax?+Ay? + Az?]*/?. At the focus, (p = z = 0) a fully analytical expression can be
obtained for the contour term:

a(d, z)
2

exp(2ikf,) sin(25) (1 - ﬂ) e,. (5.8)

EC(pr) = - iku
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In situations where the contour term is dominant, this expression becomes especially
valuable for determining the electric field at the focus. By using Egs. (5.5) and (5.7), the

total complex electric field can be expressed as follows:

E(P’ Z) = Es(p: Z) + EC(P’ Z)' (59)

Let us continue with the derivation of the complex magnetic field. By using Egs. (4.9),
(4.16) and (5.1) one can obtain

E(S) Xxn=0,

(5.10)

n-H(S) =0.
This means that two terms are zero in the surface integral. Combining Eqgs. (4.7), (4.16)
and (5.1) we arrive to

E(S)-ds=0 (5.11)
resulting in zero contour terms. Substituting n X H(S) from Eq. (5.4) into Eq. (4.11) for
the magnetic field having solely azimuthal component one obtains:

T 2T

exp(2ik explik(u — .

Hﬂp,z)z%ﬂmikff d6; ddg a xpl El S)]rsz sin 6,
50

) 1 . 05\ Ax 5 Az
X( ‘@){[“’ (?)7‘“5 Sw e@}

where Ax, Ay, Az and u are mentioned in Eq. (5.5). In the next Section, the electric and

(5.12)

magnetic fields will be analyzed in the focal region based on the formulae derived in this

Section.

It is important to note that in the following section and in Chapter 5, the curves will
represent the absolute value of the fields (i.e., field amplitudes) instead of the real parts of
the fields as discussed in Chapter 4. This is simply a plotting technique and will not affect

the conclusions.
5.3. Analyses of the Electromagnetic Field in the Focal Region

In the discussion that follows, the parabolic mirror is treated as a segment of a paraboloid
within the /3 < 65 < m region (see Fig. 5.1) as a practical approach. Like a previous
chapter, for broader applicability, it is preferred to introduce the relative parameters A/f;

and wy/f,. It is important to note that the effect of the 1/f; ratio on the electric field
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distributions has already been extensively discussed [111]. For the purpose of the following
analysis, it is assumed that the range 1/f; < 0.1. The range 1/f; > 0.1 is of no practical

interest.
5.3.1. Incident beam with negligible divergence

In most practical cases, the divergence of the incident beam on the focusing element can
be considered negligible. This means the limit of 8, — 0 in Eq. (2.74), in other words, the
Rayleigh range is much larger than the typical size of the parabolic mirror, i.e., z/z; = 0
in the formulae. Accordingly, using f(z) = 1, and w(z) = w, approximations lead to

2
p p

0 0

(5.13)
b(p,z) = 0.

5.3.1.1. The fields at the focus

Let us consider a Gaussian vector beam with negligible divergence as described in
Egs. (2.36), (2.37) and (5.13) being incident on the parabolic mirror, as illustrated in
Fig. 5.1 a. According to Egs. (4.3) and (4.4), the relationship between w,, and the parameter

related to the beam size §, (as shown in Fig. 5.1a) can be written as

Wo 2fy

— = —————sin . 5.14

V2 1—c05505m 0 19
The P, beam power selected by the parabolic mirror with its 7, = 1,(6; = 60°) = 2+/3f;
aperture radius relative to the total beam power P is depicted in Fig. 5.2 a versus the §,

angle.

Firstly, it is important to concentrate specifically on the fields at the focal point. At this
point, the magnetic field is zero, and the electric field comprises only a z component. The
electric field strength |E,| at the focus (p = z = 0) can be determined using Egs. (5.5),
(5.8), (5.9), and (5.13). According to the special selection of the paraboloid segment, the
lower bound of the integration (concerning 6 in Eq. (5.5)) was § = m/3.InFig. 5.2 b |E,|
is plotted versus the §, parameter (related to the beam radius according to Eq. (5.14)). The
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peak is normalized to 1, thereby obtaining a curve that is practically independent of 1/f;

(fA/f, < 0.1)[111].

Figure 5.1. The geometry of the incidence on the parabolic mirror for a beam with

negligible (a), and nonnegligible divergence (b) [160].

The peak belongs to §, = 110° (see Fig. 5.2 a) with corresponding value of w,/f;, = 1.98.
In this case, 98.4% of the total beam power is transmitted through the aperture of the
parabolic mirror (see the black square in Fig. 5.2 a). From a practical point of view, it is
important to know how the focused field amplitude relates to the total beam power.

Therefore, we introduced an average electric field Ef, which scales with the total beam
power. Ef is fixed by the condition to get power equivalence between the Gaussian beam
going to be focused and a fictive flat-top beam with uniform amplitude E; and beam radius

7, [168], namely

1 1
EceoEfzrazn = 6mce Ef f7 = P (= gceosgwgn). (5.15)

The field enhancement factor relative to this fictive average field (used for characterization

in the following) is defined as h = |E,|/Ef. For the peak point of Fig. 5.1a h = 16.1- f; /4
(if A/f, <0.1) was found. This enhancement value is only ~10% lower than the
hmax = Emax/Ef =V32m - fi /A = 17.8 - f, /A theoretical maximum obtained for ideal

dipole wave in 47 focusing geometry [169]. It is obvious, that for a given f; the shorter

wavelength is preferable.
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Supposing the focal length/wavelength ratio to be a typical value of 100 and 0.6 THz
frequency (typically available with LiNbO3 nonlinear crystals), the enhancement factor
concerning the radial electric field was found to be 1610. This is close to the h value
estimated by less sophisticated approximations under very similar geometrical
circumstances [ 168]. This means that in the terahertz frequency range longitudinal electric
field component as large as ~160 MV/cm is available, which is ideal for particle

acceleration applications.

In many cases, depending on the focusing geometry and on the wavelength, the
contribution of the contour integral term (Eq. (5.7)) is negligible compared to the surface
term (Eq. (5.5)). In Fig. 5.2 b in the inset one can see the |EC,Z | /|E,| amplitude ratio of the
contour term to the total field versus §, for A/f;, = 0.1, 0.01 and 0.001. It is seen that this
ratio decreases with increasing &,. This behavior is understandable since the radius of the
high-intensity part of the illustrated paraboloid decreases with §, and consequently the
field decreases along the contour. The particular case belonging to the peak (at 110°) of

the main curve of Fig. 5.2 b is shown by a square.

It is also informative and useful to make a comparison with the focusing of the linearly
polarized Gaussian beam. Therefore, we determined |E,| at the focus (p = z = 0). In Fig.
5.2 ¢ the normalized |E,| is plotted versus 8,. Note that in this case the relationship

between w, and §, corresponding to Eq. (5.14) reads as:

21

Wy ="
1 — cos §,

sin &, (5.16)

since for a linearly polarized beam wy is regarded as the characteristic size instead of

Wo/V2 as mentioned above. The peak of the curve is reached at §, = 78°, with
corresponding beam waist of w,/f;, = 2.47. In this case, 98% of the total beam power is
transmitted through the aperture of the parabolic mirror (which is very close to the
above-mentioned value of 94.4% for the case of a radially polarized beam), hence
providing a basis for making the comparison with the radially polarized beam. The field
enhancement factor is h = 18.5 - f; /A. This value just exceeds the corresponding h for the
radial polarization also underlining the effectiveness of generating a longitudinal electric

field.
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Figure 5.3. The amplitude of the longitudinal field component concerning the ring relative
to the field amplitude achievable with the entire paraboloid (at the focus) versus 8,4, (see
the inset). The left edge of the curve corresponds to the thin ring, while its right edge is to

the continuous paraboloid [160].

Let us return to the concept of radial polarization. When the peak point (belonging to the
position of &, = 110° in Fig. 5.2 b) was calculated, the integration range in 6; was
encompassed from 60° to 180°. In a thought experiment considering, for example, the
advantageous illumination geometry belonging to 8, = 110° (with corresponding
wo/f1 = 1.98) let us keep the lower bound of the integration range at a value of 60°, but
vary the upper bound, 8,,,4x between 60° and 180°. Consequently, a ring-like paraboloid
segment (as illustrated in the inset of Fig. 5.3) is obtained bounded by two contours
(at 60° and J,,,«, respectively). In Fig. 5.3 the amplitude of the longitudinal electric field
at the focus concerning the ring relative to the field amplitude achievable with the entire
(60° < 6, < 180°) paraboloid is plotted versus &,,,x. During the calculations, this ring-
like structure was taken into consideration by the difference of two contour terms
(Eq. (5.7)). It is obvious from the graph, that — in this particular focusing geometry — the
region of the paraboloid between 150° and 180° has practically no contribution to the
total electric field. This result is important information for specialists dealing with the
development of particle accelerators. The 'hole' on the paraboloid around its vertex does

not detract from the available longitudinal electric field and might have a practical purpose
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as well: it ensures unobstructed particle transfer. The details of the ring-like paraboloid

setup are discussed in the following chapter [168].
5.3.1.2. The fields at the vicinity of the focus

In this particular section, the investigation focused on analyzing how the amplitude of the
field components changes as distance from the focal point increases in the radial direction.
The behavior of the radial (black line) and axial (red line) electric fields and the azimuthal
magnetic field (green line) are plotted in Fig. 5.4. The horizontal scale is normalized with
the wavelengths, and the peaks of all the curves are normalized to 1. Advantageously, by
such normalization the curves do not change with the 1/f; ratio in the A/f; < 0.1 range.

The illumination parameters were again 6, = 110°, w,/f, = 1.98.

As can be seen in Fig. 5.4, all field components oscillate with a decaying amplitude. The
spatial oscillation period is somewhat shorter for |Hy| than for |Ep| leading to a continuous
slight phase shift with the p distance. The position of the axial electric field amplitude
maxima and the magnetic field minima (and vice versa) approximately coincide. Except
for the first (for the axial electric field the first half) period, the period of the spatial
oscillation approximately equals 1/2 as it is expected for a standing wave. Considering the
enhancement factors, for the radial electric field component, |E pl it is the lowest
(h =1.64- f, /1), and for the axial electric field, |E,| it is the largest (h = 16.1- f, /).
For a typical value of f;/A =100 (as also supposed in the example above) these

enhancement factors are 164, 1610, and 1010 for |Ep|, |E,| and |Hy|, respectively. The

fooo (|Ep |2 + IEZIZ) pdp = fOOOIHq)I2 pdp relation was verified numerically.

The amplitude ratio of the maximal axial, |E Z’max| to the maximal radial, |Ep'maX| electric
field component [79] is plotted versus the §, focusing angle in Fig. 5.5. The curve belongs
to the focal plane (z = 0). Note, that |Ez,max| is reached on the axis (o = 0), while |Ep,max|
is reached at an off-axis (p # 0) point for any §, (similarly, as it is seen in Fig. 5.4 for

8y = 110°). As it is seen, the |Ez_max|/|Ep,maX| ratio has a maximum value of around 26
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at §, nearly 90°. The case belonging to Fig. 5.4 is indicated by a square symbol. The
corresponding amplitude ratio is h,/h, = 16.1 - (f,/1)/1.64(f,/1) = 9.81.
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Figure 5.4. The radial electric (black line), the axial electric (red line), and the azimuthal
magnetic (green line) field components versus the radial distance from the focus for z = 0.
The horizontal scale is normalized by the wavelength, and the peaks of the curves are
normalized to unity. The field enhancement factors, h is indicated in the graph. Note that
the dashed curves used for validation fully coincide with the corresponding solid curves
[160].
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Figure 5.5. The amplitude ratio of the maximal axial to the maximal radial electric field

component versus the focusing angle [160].
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It was also examined how the fields vary in the z direction. For simplicity, this was
examined only for the longitudinal electric field, for p = 0. |E,| normalized to 1 is plotted
in Fig. 5.6. The horizontal scale is normalized by the wavelengths because of the reason
mentioned above. The focusing parameters mentioned are the same as those for Fig. 5.4.
The curve is symmetric to z = 0. It shows a quasi-oscillation nature with a spatial period

more than twice that in the p direction for the given &, (Fig. 5.4). For smaller §, this ratio

is larger.
1.0 s
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_ : - - = Richards-Wolf
< 08F  h=16.1f/2 i
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g p - 0 - - - Richards-Wolf
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Figure 5.6. The amplitude of the longitudinal electric field component versus the
longitudinal coordinate, z for p = 0. The horizontal scale is normalized by the wavelength,
and the peaks of the curves are normalized to unity. The inset shows a magnified region of
the main graph. The solid lines refer to our Stratton—Chu-based, while the dashed ones
refer to the Richards—Wolf-based theory. Note that in the main part of the figure, the two

types of lines fully coincide [160].

I have compared the results obtained from the derived electric field formulae based on the
Stratton—Chu vector diffraction method with a method based on Richards—Wolf theory
[80]. The curves were calculated using Eqs. 4 a and b of [80] are included in Figs. 5.4 and
5.6, as dashed lines, respectively. In both figures, the dashed curves from Richards—Wolf
theory perfectly match the solid curves from Stratton—Chu theory. Any distinction between
them can only be seen through magnification, as shown in the inset of Fig. 5.6,

convincingly demonstrating the validity of the derivations. I have observed that the results
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from the different theories (Stratton—Chu/Richards—Wolf) agree when the size of the
illuminated area with high intensity is significantly larger than the wavelength. However,
if the size of the high intensity illuminated area gets comparable to the wavelength a
deviation appears between the curves obtained by the different theoretical concepts. For
A/fr = 0.1 the deviation in the radial field distribution is well observable for §, = 175°
(Fig. 5.7 a), while in the longitudinal field distribution the deviation appears even for
8y = 170° (Fig. 5.7 b). Therefore, in such cases, the use of the formalism developed in

this work is unavoidable.
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Figure 5.7. The normalized transversal (a) and longitudinal (b) distribution of the electric
field components around the focus for 4/f; = 0.1. The solid curves were computed by the

Stratton—Chu based, and the dashed ones by the Richards—Wolf-based theory [160].
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Certainly, the information provided by Figs. 5.4, 5.5 and 5.6 on the field characteristics
and on the expansion of the high field region around the focus is interesting for specialists

designing particle acceleration by tightly focused fields.
5.3.2. The effect of the beam divergence

The divergence of the incident beam, 6, which was neglected in the previous
investigations, is considered to be a finite parameter in the following. At a given A
wavelength the 6, parameter determines the beam waist and the Rayleigh range in the

following way:

A
wo(6y) =—— and z,(6,) = 7 (5.17)

78y 0¢
Let us suppose that the position of the beam waist of the incident beam with a given 6,
divergence angle is at z = z,, (Fig. 5.1 b). The relation between w and the &, focusing

angle (belonging to the w/+/2 point on the paraboloid, as can be seen in Fig. 5.1 b) is:

w 211

ﬁ=m51n50. (518)
Hence, w as the function of § is:
22
W) = —Y2_ s (5.19)
1 — cosd,
Using the relation
z,, — 15(8;) cos 6())2
w(y) =w, |14 —— (5.20)
( O) O\/ ( ZO (00)
together with Eq. (4.3) one obtains
2f, w(y) \’
=— " — ) - 5.21
ZW(60, 90) 1 — cos 50 sin 60 + Zy (90)\/(W0 (90) 1. ( )

So, for given f; and given 8, and §, parameters the incident beam becomes known

according to Egs. (5.17) and (5.21).

It is straightforward to take into consideration the divergence of the incident beam during

the calculations since the formulae concerning the a and b inputs (Eq. (5.3)) are well
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prepared for this general case, where 6, is not negligible. Merely, Eq. (5.3) z,, has to be
considered according to Eq. (5.17), and Eq. (5.21) has to be taken into consideration when

w is expressed through wy,.

During the following investigation, the 8,-dependence was studied only for the most
interesting |E,| field. The 6, parameter was varied on the 0 < 6, < 15° range not
exceeding the limit of validity of the theory due to the lack of terms proportional to O (67).
Furthermore, occasionally the divergence of the THz beam originating from TPF sources

falls in this range [170].
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Figure 5.8. The amplitude of the longitudinal electric field component versus the
longitudinal coordinate, z for p = 0, and different 6, values. The horizontal scale is

normalized by the wavelength, the peaks are normalized to unity [160].

Contrary to the case of 8, = 0, it is not informative enough to plot the field amplitude
exactly at the focus since the presence of the divergence results in a shift of the field
maxima as it will be seen. Therefore, the z-dependence of |E,| was computed and plotted
in Fig. 5.8 for §, = 110° (w/f, = 1.98) and 1/f; = 0.01. As can be seen, if 8, differs
from zero, the symmetry of the curve breaks. The width of the curves increases rapidly
with increasing 6. Furthermore, the maxima shift monotonously towards the positive z
direction as expected. This shift shows a quasi-linear dependence on 6, as can be seen in
Fig. 5.9 (black line, left scale). The widening inevitably involves a decrease in the
amplitude. The field enhancement factors (h) are plotted versus 8 in Fig. 5.9 (red line,

right scale). They show a significant decrease with 6.
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The radial distribution of |E,| was also determined at that specific z position, where the
amplitude of the curve (at a given 6,) had maxima. The normalized curves belonging to
different 6, do not show so significant deviation from each other along the p radial
direction (Fig. 5.10) as was observed for the z-dependence (Fig. 5.8). It is seen from the
curves that the amplitudes of the side maxima relative to the main maxima increase with

the divergence.
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Figure 5.9. The shift of the peak position, 4z (normalized by the wavelength) (left scale,
black line), and the field amplitude enhancement factor, h (right scale, red line) versus the

divergence angle 6, [160].
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Figure 5.10. The amplitude of the longitudinal electric field component versus the radial
distance from the focus. The horizontal scale is normalized by the wavelength, and the

peaks of the curves are normalized to unity [160].
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In this section, both the Gouy and the radial (related to the curvature) phase shifts were
also treated correctly. The variation of these phases inside the mirror are plotted below for
0, = 0.1° and 6, = 1° divergences. Both the Gouy and the radial phase shift values are
given in the units of kf; (which is the phase shift of a plane wave between the focus and
the vertex). As shown in Fig. 5.11, the effect of the Gouy phase shift is very small even for

the smaller divergence angle (note that this phase shift is smaller for larger divergences).
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Figure 5.11. The Gouy phase shift versus the z position between the focus and the vertex.
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Figure 5.12. The radial phase shift versus the p radial position at z = 0.

The radial phase variation is significantly larger than the Gouy phase (Fig. 5.12).
Additionally, increasing the divergence further increases this difference. It is evident that
the radial phase is related to the radius of curvature, R. Given that the radius of curvature

and phase values vary considerably across the entire range of divergences were examined
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in this section, I have compiled these values in the following Table 5.1 instead of plotting

them.

Table 5.1. The calculated values of beam parameters related to the curved phase front for

different divergence angle.

Yo (deg) R (m) fi/R Rad. phase at r = 2f; (relative units)
0.1 145.213 3.44 1E-4 6.88 1E-4
1 5.7673 8.66 1E-3 0.0173
5 1.2049 0.0415 0.083
10 0.6374 0.0784 0.1569
15 0.4483 0.1115 0.2231

The dimensionless f; /R value shown in the Table 5.1 is responsible to indicate whether
the divergence of the beam arriving to the mirror is negligible during the focusing or not.
If f,/R — 0 the beam can be considered as collimated. Practically, as shown in the Table
5.1, and the Fig. 5.12 if f; /R is the order of 10~* the effect is negligible, but at the order
of 107* — 1073 it becomes perceptible in spite of the small divergence angle. In the
Fig. 5.13, the significance of considering/neglecting the radial phase factor is seen even for
the low divergence angles. When the dashed curves were calculated, the radial phase was

neglected. In conclusion the radial phase (curvature) has significance.

— 9=0.1° rad. phase
1500 E—— 6= 1°, rad. phase o

1000 |
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Figure 5.13. The field amplitude enhancement factor, h versus the longitudinal coordinate,
z, normalized by the wavelength for two different divergence angles with and without

radial phase factor.
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5.4. Conclusion

This chapter presents derived formulae concerning the electric and magnetic fields
obtained when focusing of radially polarized, monochromatic Gaussian vector beam with
a parabolic mirror. Unlike plane waves with a uniform field distribution, these focused
beams are rigorously derived from Maxwell’s equations. The Stratton—Chu vector
diffraction method provides a realistic picture of field distributions. A key finding is that
the ring-like paraboloid segment is crucial for achieving strong longitudinal electric fields,
making it particularly relevant for vacuum particle accelerator applications, which benefit
from the unobstructed entrance and exit of particles. Therefore, it will be discussed in detail
in the following chapter. For a typical focal length/wavelength ratio of 100, the
enhancement factor for the radial electric field is 1610, indicating that longitudinal electric
field components as large as ~160 MV/cm are available in the THz frequency range,
marking an ideal condition for particle acceleration. Additionally, the investigation was
shown that the physical focus is shifted relative to the geometrical focus along the
symmetry axis for divergent beams. This shift is linearly proportional to the beam
divergence. The effect of the divergence angle on the field enhancement factor was also
studied. Furthermore, it was shown that the amplitudes of the side maxima relative to the

main maxima in the radial field distribution increase with the divergence.
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6. Generation of Extremely Strong Accelerating Electric Field by
Focusing Radially Polarized THz Pulses with a Paraboloid Ring

6.1. Introduction

The focused THz pulses could be a potential solution for efficient particle acceleration
[146]. Single-cycle THz pulses are promising because of their advantageous wavelength
and the available peak electric field at the MV/cm level [37, 38, 54, 75]. It is important to
carefully consider the shape of the electric field of the low-frequency THz pulses at the
focus for the case of particle acceleration [141, 151]. The choice of the paraboloid mirror
shape, whether annular or of arbitrary opening, can potentially impact the sharpness and
dimensions of the focal spot. Consequently, a fully illuminated paraboloid having one
contour is not the optimal focusing element if the goal is to achieve the maximal field
component in the z direction for a fixed amount of input energy/beam power. Instead, a
ring-like paraboloid segment to convert optimally the input radial THz field into axial
component is proposed in this chapter. Thus, this chapter proposes a new setup and method
for tightly focusing radially polarized THz pulses to generate a strong accelerating electric
field suitable for vacuum electron acceleration. For this purpose, a suitable optical
arrangement consisting of a reflaxicon and a ring-like segment of an on-axis parabolic
mirror as a focusing element is introduced. The electric field distribution in the focal region
is determined using the Stratton—Chu vector diffraction theory. Additionally, the
characteristics of the pulse at the focus and the electric field distribution in the focal region
are studied. The investigation is motivated by applications in particle acceleration, but the
acceleration mechanism will be a future task, a simple calculation is performed. This
chapter explains the third sub-study of the thesis, which is based on my original scientific

results [168].
6.2. The Proposed Setup

The proposed focusing element is a ring-like slice of a paraboloid (referred to as ‘ring’ in
the following), obtained by cutting the paraboloid with two parallel planes perpendicular

to the zsymmetry axis (Fig. 6.1). This is suggested as an alternative to the widely used on-
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axis or off-axis parabolic mirror. The angles of view of the contours (intersections of the
paraboloid and the planes), C;, C, relative to the focus, F are §; and &,. The missing
(8, < 65 < 180°) region, the ‘hole’, has practical purpose; it ensures the unobstructed exit
of the accelerated electrons. The 2y = §, — §; range is chosen to be symmetric to the

radial direction (68; = 90°). y is regarded as an optimization parameter.

Ts

"

VL hW

Figure 6.1. Schematic diagram of the paraboloid ring with notations [168].

To effectively use the pump beam power and prevent losses, as well as to achieve an
interaction range free from blocking the incoming pulse, the illumination of the ring is
solved through a reflaxicon [171-173]. It consists of a diverging (DM) and a converging
(CM) conical mirror, as shown in Fig. 6.2. The DM and CM, with equal cone angles, are
arranged coaxially; hence, the beam reflected from CM is parallel to the beam incident on
DM. The segmented half-waveplate (SHWP in Fig. 6.2) is used to convert the linear pump
polarization to radial polarization. The radially polarized THz beam is generated in the
segmented nonlinear material (SNM in Fig. 6.2), which can be created, for example, from
a semiconductor contact grating [34, 174], pumped by a CO2 laser [38]. The incoming
pump beam must not overlap with the beam reflected on CM. This requirement restricts
the radii ratio to r,/r; > 0.5 (Fig. 6.1), which means y < 20° (exactly 19.45?). This
restriction can be overcome when the reflaxicon is replaced by a transmissive axicon pair.

In Fig. 6.3, the r, /1y ratio is depicted versus y in the 0 < ¥y < 20° range.
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Figure 6.2. The layout of the proposed setup. DM: (conical) Diverging Mirror, CM:
(conical) Converging Mirror, SHWP: Segmented Half-Waveplate, SNM: Segmented
Nonlinear Material, R: (paraboloid) Ring, F: Focus. The pump polarization is linear (radial)
in region 1 (2), as illustrated. The segmented structure of SHWP and SNM is illustrated on

a front view, the optical axis of a segment is indicated by an arrow [168].
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Figure 6.3. The r, /1y ratio versus y. For notations see Figs. 6.1 and 6.2 [168].

In order to determine the radial (7) electric filed distributions, an arbitrarily chosen ray in
the pump beam (blue, thick ray in Fig. 6.2) can be considered. Upon reflection on CM and
with its distance from the z axis denoted as r, it becomes clear that its distance from the
axis is r — 1, before reaching DM. The power has to be conserved, which is also true for

the imagined thin-walled tube with r — 7, radius and dr thickness, whose element is the
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thick ray. This means E3,2(r — rp)mdr = E3(r)2rndr, where Epy and Ep(r) are the
peak pump electric fields at the distances of r — r, and r from the z axis. Therefore, the

r-dependence of the pump electric field is represented as:

_ _k_ 7
Eplr(8)] = Epo1 r—thg@km% (6.1)

2f1L )
cos @ (see Eq. (4.3) and Fig. 6.1).

where 15(6;) = —
It is assumed that the incoming pump beam has an intensity independent of the distance
from the z-axis (i.e., a flat-top beam, which is usually approximated by the beam of a large
energy laser). Contrary to the effect, in the previous chapter I rigorously determined the
vectorial Gaussian beam with simplicity as well and this kind of flat-top beam (e.g., CO2
laser) is experimentally available. Three different possible THz beam profiles are
considered. THz generation is a second-order nonlinear optical process, with conversion
efficiency proportional to the pump intensity in an ideal case. This means that the THz
intensity is proportional to the square of the pump intensity, i.e., the THz electric field is
proportional to the square of the pump electric field (given in Eq. (6.1) as the first
(nonlinear) assumption. As a second (uniform) assumption, for simplicity, I assume that
the THz electric field distribution is uniform. Thirdly (/inear case), I suppose that the THz
beam inherits the radial field strength distribution of the pump given in Eq. (6.1). In all of
these cases, the r-dependence of the E THz electric field incident on R can be given in the

form of

Elr©] = pu (1-2) = pu(1- 2= (62

7, sin 6
where S is a constant. n = 1 corresponds to the nonlinear, n = 0 to the uniform, and

n = 1/2 to the linear case.
6.3. Theoretical Considerations

The surface and contour terms of the complex electric field are given by the Egs. (4.20)
and (4.23), based the Stratton-Chu vector diffraction method for the electric field inside the

paraboloid illuminated by a radially polarized, monochromatic flat-top beam [111]. To
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adapt these equations for the setup proposed in Section 6.2 (Fig. 6.2), the following
improvements have to be made. The electric field belonging to the ring can be regarded as
the electric field belonging to a paraboloid, which is continuous in the §; < 85 < 180°
region, minus the electric field belonging to a paraboloid, which is continuous in the
§, < 65 < 180° region. Consequently, in the surface term of Eq. (4.10) the integration by
6, has to be performed between §; and §,. Furthermore, since the ring is bounded by two
contours (Cy, C,), instead of one contour term [111] as it appears in Eq. (4.22) the
difference of two contour terms belonging to C; and C, appear as seen in Eq. (6.4). The
scaling factor in the electric field due to the beam shaping with the reflaxicon also has to
be taken into consideration according to Eq. (6.1). Therefore, the surface, and the contour

terms for the complex electric field are:

82 2m

ES(P)=Es(p.z)=ﬁnwl'k [ | do.00,

T " explik(u — r5(65))] . (6.3)
(1 " 1,(6,) sin 05) u 7s” sin O

oo - ot () (1= o) oo veot () 1= (1- ) 1

where Ax = 15(6;) sin O cos @, — p, Ay = 15(6s) sin O sin @, Az = r;(6) cos O — z
and u = [Ax?+Ay? + Az?]*/?, and

EC(P>=Ec(p,z)—ﬁ aL exp@lkfﬂ[wt( )(1_m>
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0

u

75(82))] (1 _ %) (Au_x e, + %ez> ddg

— cot <ﬁ> (1 — #)n f:n exp|ik(u — 7;(61))]
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with Ax = () sin§ cos@s —p, Ay =1,(6)sindsin@g, Az =1,(8)cosd —z and
u = [Ax?+Ay? + Az?]'/?, where § = &, in the first, and § = &, in the second term.

The total complex electric field can be given as:

E(p,z) = Es(p, z) + Ec(p, 2). (6.5)
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For A/f, « 1 (as it is fulfilled in the following discussion) the contribution E- can be
neglected beside Eg. Furthermore, in the case of uniform input field distribution (n = 0) if
r/f.,z/f, < 1 also holds, the E, field component (most important from the point of view

of applications), it can be very well approximated by the integral equation:

82

(0, 2) = 20Kfufio exp(2ikfy) | JoGkr sin6) 6o

51 '

X (1 + cos 6,) exp(—ikz cos 6,)dé,
and the distribution of E,, field component by
Vs

o0, 2) = 20Kfufoexp@ikfy) | 1y (kr sin6) .

3 :

S

x exp(—ikz cos 6;) cot <%) cos 6, db
where J, and J; are denote the zeroth and first order Bessel function of the first kind,
respectively. S, is the amplitude at z = 0. This follows from Eq. (6.3) after the reasonable
approximations corresponding to the above-mentioned circumstances. Especially at the
focus (r = z = 0) for the ring (with §; = 90° — y and §, = 90° + y) shown in Fig. 6.2 a
fully analytical expression is obtained:
E,(F) = 4ikf,Boy exp(2ikf,). (6.8)

The exp(2ikf;) factor is the phase relative to the phase of the incoming beam, which is

considered to be zero at the focal plane.
6.4. Results and Discussion

Consider a pump beam with a flat-top intensity distribution is incident on DM (Fig. 6.2).
The THz beam generated in the SNM is assumed to be monochromatic (Subsection 6.4.1).
Furthermore, the investigation extends to single-cycle THz pulses (Subsection 6.4.2),
which are of significant practical importance. The focal length of the paraboloid is

fi = 50 mm in all cases examined below.
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6.4.1. Focusing of monochromatic radiation

The THz peak electric field E () in the region before R (Fig. 6.2) is supposed to follow
the radial field profile given in Eq. (6.2). The value of £ can be determined from the

2n
P= %eoc frrzl ﬂrf (1 — rf) 2nrdr condition, where P is the average THz beam power

regarded to be constant. For the purpose of normalization, introducing the fictive E|
electric field defined as P = 2me,cEZ /%, namely making the THz beam power equal to
the power of a beam with uniform E|, electric field, and radius of 2f; . Here, 2f; = ps(90°)
represents the radius of the circle at the intersection between the paraboloid and a plane

perpendicular to the z axis at the focus.

1500 . - .

Mon'ochro'matic'/ e
1200 PR RN, ]
° f, =50 mm RN
ur 900 N
= v=1THz N
W r=0,z=0 Ny
600 - - -nonlinear (n = 1) N
- - - uniform (n = 0)
300 - --linear (n=1/2)
0 20 40 60 80
7 (deg)

Figure 6.4. The z component of the electric field (in E,, units) at the focus versus y. The
three curves belong to three different radial electric field distributions described by

Eq. (6.2). The important parameters are indicated in the graph [168].

In the analysis, the frequency of v=1THz (A = 0.3 mm, T = 1ps) was considered.
From the perspective of particle acceleration applications, the E, axial (z) electric field
component holds key importance; thus, it is examined in the following using the Eq. (6.3).
It is determined first at the focus (z = r = 0) as the function of the y, view angle of the
ring, which was varied between 0 and 80°. The absolute value of E, electric field relative
to E, is plotted versus y in Fig. 6.4. The three curves belong to the three different radial
electric field profile: the nonlinear (n = 1), the uniform (n = 0) and the linear (n = 1/2).

For n = 0 the curve obtained even more simply by the equation:
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analytical expression following from Eq. (6.8) by normalization (as described at the

beginning of this Subsection).

When using a reflaxicon for beam shaping, only setups corresponding to y < 20° (the
continuous part of the curves) can be achieved. However, when using a diverging and
converging transmissive axicon pair, setups corresponding to any y can be realized. All
three curves reach their maxima at nearly the same position. The curve belonging to the
linear field profile (n = 1/2, which is regarded as the most realistic case) is very close to
the average of the other two (n = 1, n = 0) curves. The largest difference between the
three curves can be observed around their peaks (at y = 40°), but even at that point the
relative deviation of the two extreme (n = 1, n = 0) curves from the average is only ~7%.
The curve of the “linear” distribution (n = 1/2) reach ~84% of its peak value at the edge
of the applicability range of the reflaxicon (y = 20°). The other two curves behave

similarly.

It was also determined how the electric field varies with the distance from the focus. In
Fig. 6.5 a, |E,(r)|/E, is plotted at the focal plane (z = 0) for y = 20° for a “linear” input
THz electric field profile. It was noticed that, for different input THz beam profiles
(n=20,1/2 and 1) the |E,(r)|/|E,(0)| normalized curves were fully identical with each
other, independently of n, and a decaying oscillation was also observed. Apart from the
first period, the distances between the minima fall very close to 4/2 in coherence with the
interference phenomenon. I mention here that the minima points are slightly moved away
from each other when y is increased, Eq. (6.6) can explain this behavior, since in the
argument of J, the average value of the sin 8 decreases with increasing y. It is also
important to get information on axial distributions. |E,(7)| is plotted in Fig. 6.5 b for
r = 0. The field-distribution is symmetric to z = 0. It shows a quasi-oscillation nature with
a period of about 4-times larger than that of the curve in Fig. 6.5 a. The phase varies
monotonously with z as it is seen in the right scale. The phase difference between the

adjacent electric field minima points is .
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Figure 6.5. Radial distribution of the z electric field component at the focal region for
y =20° n =1/2 (a). Axial distribution of the z electric field component at the focal
region for y = 20°, n = 1/2 (b). The phase is shown on the right scale. Axial distribution
of the z electric field component at the focal region forn = 0,1/2 and 1 for y = 20° (¢),

and for y = 40° (d). The important parameters are indicated in the graph [168].

In a similar manner to the radial distribution, the axial distribution for different input THz
beam profiles (n =0,1/2 and 1) was determined and plotted in the |E,(z)|/|E,(0)|
normalized curves as a function of z in Fig. 6.5 ¢ for y = 20°. Contrary to the behavior of
the r-dependence (not shown), these curves differ from each other in their period, but the
difference does not exceed +10%, unlike the radial distribution. The multiplication factors
to obtain the |E,(z)|/E, amplitude is indicated in Fig. 6.5 c. The z-distributions for
¥y = 40° (corresponding to the peak position in Fig. 6.4) were also determined and are
shown in Fig. 6.5 d. Similarly to y = 20°, the curves of different n differ from each other

in their period. Importantly, the periods are approximately half of the corresponding
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periods of the curves with y = 20°, resulting in a less expanded high-field region in the z
direction. The multiplication factors to obtain the |E,(z)|/E, amplitude is indicated in

Fig. 6.5 d, and they are larger than the corresponding factors in Fig. 6.5 c.

In Fig 6.5, the FWHM diameter of the high field region is approximately 150 ym in the
radial direction, which is sufficiently large for electron acceleration applications. The
expansion is about 600 um (regarding the expansion in —z direction as well) in the axial
direction fora y = 20°, but fora y = 40°, itreduces by a factor of about 2. This shortening
of the high-field region in the axial direction will also be observed in the case of single-
cycle pulses discussed in the following Subsection. The subsequent Subsection
demonstrates simple calculations that show the performance of single-cycle pulses,

providing an advantage from the viewpoint of particle acceleration applications.
6.4.2. Focusing of THz Pulses

In this Subsection, instead of considering monochromatic waves, THz beam generated in
the SNM is considered to be single cycle THz pulses. In the case of THz generation by
phase-matched OR of ultrashort laser pulses the THz waveform is the derivative of the
pump pulse envelope [175]. Accordingly, considering pump pulses with Gaussian temporal
envelope, together with the ‘linear’-type (n = 1/2) r-dependence the electric field of the

THz pulse described in Eq. (2) also be expressed as:
1 1

1
6 3ep \2/2\% T5\2 t 9t2
E(r.t) = A T LY (6.10)
6 rl—r2<neocr) (n) ( r) z_exp( 72>'

where r; and 1, are explained in Figs. 6.1 and 6.2. The waveform given in Eq. (6.10)

reaches the 1/e value of its peak at instants t = £t/2 and satisfies the condition
€oC fjooo f:zl Eo(r,t)?2nr dr dt = ep. The ‘sine-like’ input THz waveform given by
Eq. (6.10) is depicted in Fig. 6.6 a by red solid curve beside the realistic parameters of
7= 1ps, ep = 3 m] THz pulse energy and r; = 14.1 cm and r, = r7/2 coming from the
geometry (f; = 50 mm, y = 20° of the ring. The generation of THz pulses with similar
parameters has been demonstrated [75, 78]. The spectra derived from Eq. (6.10) by Fourier

transformation after averaging over r is:
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The inset displays the normalized spectral intensity density, which is proportional to

le(w)|?, plotted against the frequency v, with the spectral intensity curve reaching its peak
at a frequency of vy = 0.68 THz. In the spectral domain, focusing is characterized through
the H (w) transfer function, which is calculated directly from Egs. (6.3) — (6.5). This
transfer function allows for the determination of the THz waveform at the focal point as

follow:

E,(t) = %foo}[(w)e(w) exp(iwt)dw. (6.12)

The output pulse has a ‘cosine-like’ shape (shown as a red solid curve in Fig. 6.6 b), when
the input pulse has a ‘sine-like’ (red solid curve in Fig. 6.6 a). On the other hand, if the
input pulse has a cosine-like shape (black dashed curve in Fig. 6.6 a), the output pulse takes
on a sine-like shape (black dashed curve in Fig. 6.6 b) with an additional half cycle
compared to the input pulse. These relationships between the input and the focused pulse
shapes agree with the general consideration that the waveform at the focus is the temporal
derivative of the input waveform [176]. When these curves are computed, also the
T=1ps, & =3 m],r; = 14.1 cm and r, = 1y /2 parameter values were assumed. The
input curves belong to the r = r; radial position, where the electric field reaches its

maxima (Eq. (6.10)).

a) 010 T T T b) 60
sinin 405
0.05L ----cosin g0
’g T 20}
2 - L
> —————————————
S 0.00 ’ % 0
. 181,00 e
uwr r=1ps ’E-’ov?s w -20
-0.05 _fL= 50 mm | Boso
' ®©
y =20° . 5225 40+, =20° v cos out (sin in)
-0.10 T, = 141 ch1, r=r, 2 \I\’ 085 O::V(;}'-?z) 15 20 60 r,= 14;1 cm, rz =r, 2 , --- ‘ISin out (ICOS in)
-2 -1 0 1 2 -5 10 -05 00 0.5 1.0 1.5

t (ps) t (ps)
Figure 6.6. The THz waveforms in front of ring, R (a), and at the focal point (b). The input

and output normalized spectral intensity densities are shown in the insets [168].
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The sine-like input can be obtained directly from THz pulse sources based on OR. A
56 MV/cm field (as shown in Fig. 6.6 b) is present at the focus, with a corresponding field
enhancement factor of 934 relative to the spatially averaged input field amplitude. This
value is below the enhancement factor of 1101 as predicted for 1 THz frequency in
Subsection 6.4.1. This can be explained by the fact that the spectral peak of the incoming
pulse is at 0.68 THz (see the inset of Fig. 6.6 a), and the field enhancement is linearly
proportional to the frequency. The focusing of the pulse results in the shift of the maximum
of the spectra from 0.68 to 0.95 THz as shown in the insets (obviously such shift is not

observed for the monochromatic wave). From the spectra shown in the inset of Fig. 6.6 b,
the weighted average frequency determined as v = [ Ooole(v) |2vdv/ [ Ooole(v) |? dv was

found to be 1.02 THz. The reason of setting the frequency of the THz wave to 1 THz in

Subsection 6.4.1 is to be close to this value.
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Figure 6.7. The radial (solid curves) and the axial (dashed curves) distribution of the
accelerating electric field component at the focal region. The black color belongs to

y = 20°, the red to y = 40°. The important parameters are indicated in the graph [168].

The radial and axial distributions of |E,| are plotted near the focus for y = 20° and 40° as
shown in Fig. 6.7. In contrast to the curves in the monochromatic case (Fig. 6.5 a and b),
these curves do not show any oscillation due to the averaging of the oscillations related to
the different components. The maximal fields, reached at the focus were 56 and 91 MV/cm,
respectively for the two y-s. All curves in Fig. 6.7 showed monotonous decay as away from

the focus. In the radial direction the decay of the field is more rapid, and the FWHM
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diameters are ~ 150 um for both y, since this is influenced by the wavelength only. This
FWHM diameter value advantageously exceeds the typical diameter of the particle beams.
The axial extension reduces almost to its half (from FWHM of ~ 600 ym to ~ 300 um)
by changing from 20° to 40° in the y. The 50 — 100 MV/cm peak electric field value is
ideal for electron acceleration applications. Peak electric field value close to 100 MV/cm
could be reached by the superposition of four counter propagating THz beams as well,
assuming the same input THz energy of 3 m] but different frequencies [151]. The ring-
based setup offers a perfectly cylindrical field distribution, which is a significant advantage

compared to the four-beam setup.

A comprehensive investigation of the acceleration mechanism will be a future task.
However, a simple calculation has been performed to provide an impression of the
performance of the pulses described above for acceleration. The calculation determined the
energy gained by an electron (traveling at a speed of v = ¢) during its interaction with the
cosine-like pulse (illustrated in Fig. 6.6 b by the red solid curve) synchronized to the
electron at t = —0.25 ps, z = 0 (zero crossing). Figure 6.8 shows the temporal variation
of the axial electric field component for several z. It is obvious from the graph, the highest
field point sweeps into the +z direction with velocity of vy = 2.9¢ (Fig. 6.8 a). The
expectation is that the energy gain will depend on the direction of relative motion (whether
identical or opposite) between the electron and the movement of the field peaks. This
hypothesis is confirmed by calculations, which show an energy gain of 0.28 MeV for
identical motion and 0.23 MeV for opposite motion at y = 20°. Atay = 40°, the energy
gains are 0.63 MeV for identical motion and 0.36 MeV for opposite motion. The
significantly larger energy gain, 2.3 times for identical motion at the higher y, cannot be
solely attributed to the 1.63 times increase in the focal electric field (as shown in Fig. 6.7).
The shorter expansion of the high-field region and the moderated sweeping velocity
vs = 1.6¢ of the accelerating field also play crucial roles in enhancing acceleration
efficiency (Fig. 6.8 b). It is obvious that beside the field enhancement, advantageously the
sweeping velocity is reduced (2.9¢ - 1.6¢) by changing y from 20° to 40°.
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Figure 6.8. The accelerating pulse-forms for y = 20° (a) and y = 40° (b), respectively at

several z values.

The sweeping velocity and the axial field distribution (Fig. 6.7) are together responsible
for the formation of the field characteristics experienced by the electron. The zero crossing
happens at a larger z for y = 40° due to the slower sweeping velocity. As seen in the
Fig. 6.9 the ratio of the negative/positive field amplitudes, but more importantly the
negative/positive work ratio are more advantageous for the y = 40° resulting more

efficient net energy gain.
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Figure 6.9. The axial field experience by the electron for y = 20° (a) and y = 40°.

Interestingly, the energy gain values mentioned can be surpassed by approximately 13%
using a sine-like accelerating field, which is less commonly applied. A more

comprehensive study on acceleration is identified as a future task.
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6.5. Conclusion

In this chapter, a focusing optical setup providing a strong axial electric field suitable for
particle acceleration was designed and discussed. The setup was planned to be illuminated
by a linearly polarized flat-top pump beam. Before generating THz radiation, a reflaxicon
was proposed for beam shaping to avoid power loss. A segmented waveplate converts the
linear polarization to radial, and the segmented nonlinear material generates the THz
radiation with radial polarization. A ring-like segment of an on-axis parabolic mirror
performed the tight focusing of the generated THz beam. The electric field was computed
using the Stratton—Chu vector diffraction method. Easily applicable semi-analytical and
purely analytical formulae applicable at the vicinity of the focus were also derived. Pulse
characteristics in the focus, and electric field distribution in the focal region were studied.
Supposing radially polarized 1 ps pulse duration of THz pulses with 3 m] pulse energy and
50 mm focal length of parabolic ring, calculations predicted field enhancement above 1000
and accelerating electric field component exceeding 50 MV/cm - by slightly modifying the
setup approaching 100 MV/cm - at the focus. Such focused pulses are well suited for

particle acceleration applications.
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7. Comparison of the Efficiency of Three-Focusing Geometry

This chapter examines and compares the field enhancement factor 4 in three different sub-
studies, as previously discussed. A common key parameter for the characterization in the
three sub-studies is the field enhancement factor, 4, namely the ratio of the longitudinal
electric field amplitude (at the focus) and the incident radial electric field amplitude. It is
important to note that the geometry of the focusing has an impact on this parameter. When
the whole paraboloid surface is illuminated, the focusing geometry is characterized by the
focusing angle § (the complementary angle of &, see Fig. 4.2) for uniform illumination, or

8, (the complementary angle of &,, see Fig. 5.1) for vectorial Gaussian incident beam.

For uniform illumination, the enhancement factor can be well approximated by the
h = 4n%(<§0 —sin&p) (7.1)

simple analytical formula, which can be derived from Eq. (4.20) using reasonable
approximations. For the Gaussian vector beam no simple analytical formula was found,
Eq. (5.5) was used with reasonable neglections. Considering a practical sized parabolic
mirror with solid angle of 2m/3, and f;/A = 10? the enhancement factors were
determined versus § and 8, as shown in Figs. 7.1 a and b for uniform illumination and for
Gaussian vector beam, respectively. In both cases enhancement factors somewhat

exceeding 1500 can be achieved, as shown by the squares.

For the setup containing the parabolic ring, the characteristic geometrical parameter is the
illumination angle, y as shown in Figs. 6.1 and 6.2. According to Eq. 6.8 the y-dependent

enhancement factor is:

fu_ cosy
= 4= . :
h n/ly\/m (7.2)

This was plotted in Fig. 7.2 for f; /A = 102. The maximum belongs to y = 40° shown by
square. The square at y = 20° shows the limit of using a reflaxicon. For larger y-s the setup
can be realized by a transmission axicon pair only. Although the achievable enhancement
is lower than with the entire parabolic mirror this setup is most appropriate for the

realization of the particle acceleration.
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Figure 7.1. Field enhancement factor versus the focusing angles & (a) and &, (b) for

uniform illumination and for Gaussian vector beam, respectively. The angle of the

parabolic mirror is 27 /3, and f;, /A = 102.
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Figure 7.2. Field enhancement factor versus the illumination

paraboloid for f; /A = 102

84

angle y of a ring-like



8. Conclusions and Future Perspectives

8.1. Conclusions

The thesis examined the development of techniques for accelerating particles using tightly
focused, radially polarized monochromatic laser beams and electromagnetic pulses. It
emphasizes the need for high-NA parabolic mirrors to achieve strong longitudinal electric
field components crucial for efficient particle acceleration. The thesis provides accurate
electromagnetic field distribution models derived using the Stratton—Chu vector diffraction
method, validated by comparison with other methods like Rayleigh—Sommerfeld and
Richards—Wolf. It is particularly effective for systems with high-NA and long
wavelengths. The thesis presents an analytical approach for calculating electric and
magnetic field distributions when focusing radially polarized, monochromatic, flat-top and
vector Gaussian beams using a perfectly reflecting on-axis parabolic mirrors. It verifies the
importance of the longitudinal electric field component at high-NA for achieving the
intense field strengths needed for particle acceleration. In case of radially polarized vector
Gaussian beam, it examined the effects of beam divergence on axial and radial distributions
of the longitudinal electric field component, showing that divergent beams shift the
physical focus and influence the field enhancement factor. It was also observed that the
shift of physical focus relative to the geometrical focus along the longitudinal direction

exhibits a linear dependence on the divergence.

The thesis also introduces a novel setup for generating strong accelerating fields by
focusing radially polarized THz pulses using a ring-like segment of a parabolic mirror. The
designed setup consists of a reflaxicon for beam shaping to minimize power loss, a ring-
like segment of an on-axis parabolic mirror for tightly focusing the radially polarized
pulses, a SHWP for converting linear pump polarization to radial, and a SNM for
generating the radially polarized THz beam. The field enhancement factor, which is the
ratio of the longitudinal electric field strength to the input radial electric field component,
significantly exceeds 1000. By focusing radially polarized 1 ps single-cycle THz pulses
with 3 mJ pulse energy, calculations predicted accelerating electric field component in the

order of 100 MV/cm, which is well suitable for particle acceleration. An energy gain on
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the order of MeV by an electron moving at nearly the speed of light was obtained from the
study of acceleration using a simple model. The thesis contributes significantly to particle
acceleration by providing theoretical foundations and practical methodologies for
generating strong accelerating fields using focused radially polarized electromagnetic

pulses.
8.2. Future Perspectives

The thesis suggests several future research directions. This includes further optimizing the
focusing setup and exploring different geometries to enhance field intensities. The thesis
also recommends expanding and verifying the theoretical models used in this study through
experimental setups to establish a solid foundation for future advancements in particle
acceleration. Additionally, the detailed study of the acceleration mechanism will be a future
task, which involves exploring the interaction between the pulses and particles in more
depth, improving the design of the focusing setup, and potentially increasing the efficiency
and effectiveness of the particle acceleration process. The implementation is planned in the
frame of the TWAC project, which is funded by the EIC Pathfinder Open 2021 of the
Horizon Europe program under grant agreement 101046504. The thesis also emphasizes
the potential for extending the application of these findings to other areas requiring high-

intensity THz pulses, such as imaging and spectroscopy.
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9. Thesis Statements

. Using the Stratton-Chu vector diffraction method, I derived formulae regarding the
spatial distribution of the electric and magnetic field strength of radially polarized
monochromatic laser beams focused with a parabolic mirror. The derivations were
performed for both a flat-top input beam and a vector beam with a Gaussian intensity
distribution. I derived relationships regarding the spatial distribution of the electric field
components of a radially polarized beam focused by a system consisting of axicons and
a parabolic mirror ring designed for accelerating charged particles. The transverse
intensity distribution of the beam arriving at the parabolic mirror ring was considered
in three different cases that were relevant from a practical point of view. All of my
above-mentioned derivations are universal: they can be applied to any
wavelength/focal length ratio and arbitrary NA. [S1,S2,S3]

. In the cases mentioned in the first thesis point, I analyzed and interpreted in detail the
spatial distribution of electric and magnetic field strength components in the vicinity of
the focus — with particle acceleration applications in mind — with special attention on
the longitudinal component of electric field strength. In each case, I determined the
scale law for the longitudinal electric field strength in focus, the variables of which are
the parameters of the input beam, the focal length and the characteristic parameter of
the geometry of focusing. I looked for the optimal geometry for achieving maximum
longitudinal field strength in each case. I showed that in the case of practical, optimized
focusing, the ratio of the longitudinal electric field strength in focus to the input radial
electric field component exceeds 1000. I showed that by optimized focusing of today's
THz pulses with energy of the order of mJ, longitudinal electric field strength of the
order of 100 MV/cm can be achieved, which is a remarkable fact from the point of view
of particle acceleration applications. [S1,S2,S3]

The longitudinal and transverse distribution of the longitudinal component of the
electric field of a radially polarized, monochromatic vector beam with a Gaussian
intensity distribution focused with a parabolic mirror was investigated in the vicinity
of the focus as a function of the divergence of the input beam. I showed that the real

focus (the maximum location of the longitudinal field strength component) is shifted
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relative to the geometric focus along the axis of symmetry of the beam. I showed that
this shift is a linear function of the divergence of the input beam. I found that the
maximum longitudinal electric field component value achievable by focusing is a
monotonically decreasing function of the input beam divergence, and that this
dependence is significant. Furthermore, I showed that in the transverse distribution of
the longitudinal component of the electric field amplitude, the ratio of the sub maxima
to the principal maximum value increases with the degree of beam divergence. [S2]

. T applied a numerical code to simulate the post-acceleration of relativistic electrons
with the longitudinal electric field of THz pulses focused with a parabolic mirror ring.
According to the simulations, assuming a THz pulse energy of 3 mJ, a pulse length of
1 ps, and a parabolic mirror ring with a focal length of 5 cm illuminated at 20° and 40°
viewing angles, electrons gain of 0.28 MeV/0.23 MeV (20°) and 0.63 MeV/0.36 MeV
(40°) are available depending on whether the direction of motion of electrons moving
at nearly the speed of light is the same/opposite to the direction of the electric field’s
sweeping velocity. [S3]
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10.Osszefoglalé
10.1. Absztrakt

A dolgozat radialisan polarizalt 1ézernyalab parabolatiikorrel (illetve parabola-gytriivel)
torténd fokuszalasanak problémakorét targyalja kiilonos tekintettel a THz-es
frekvenciatartomanyl nyaldbokra, impulzusokra. Az értekezés {6 célkitlizése olyan
optimalis fokuszalasi geometria megtalalasa, ami kell6 nagysagu longitudinalis elektromos
teret biztosit részecskegyorsitasi alkalmazasokhoz. A lézer- és THz-es impulzusok
részecskegyorsitasra torténd alkalmazasakor kulcsfontossdgu a fokuszalt nyalab/impulzus
elektromagneses terének pontos jellemzése foként a fokusz kdrnyezetében. A disszertacio
a Stratton-Chu vektordiffrakciés modszert alkalmazza az elektromagneses térerdsség
eloszlasanak pontos meghatarozasara kiilonb6zo fokuszaldsi koriilmények kozott. Az
analitikus levezetések kiilonb6z6 bemend nyaldbprofilokra, koztik (homogén
transzverzalis intenzitaseloszlast) flat-top és Gaussian vektornyaldbokra lettek elvégezve,
nem csak ,,egyszeresen 0sszefliggd” paraboloid tiikorfeliiletre, hanem paraboloid-gytiri
esetére 1s, mely egy axikon-par eldtaggal kiegészitve a gyakorlatban is egyszeriien
lehetdve teszi toltott részecskék (utd)gyorsitasat. A részletes elemzések a longitudinalis
elektromos tér dominancidjat mutattak, ami a részecskegyorsitas szempontjabol figyelemre
méltd. A dolgozat részletesen vizsgalta a radialisan polarizalt, monokromatikus Gauss-
vektornyalab elektromos mezdje longitudinalis komponensének eloszlasat a parabolatiikor
fokuszaban. Vizsgalta tobbek kozott azt is, hogy a nyalabdivergencia hogyan befolyasolja
a longitudinalis elektromos tér longitudinalis és radilis eloszlasat. Az eredmények azt
mutattak, hogy a nyaldbdivergencia eltolja a fokuszt, és jelentds befolyassal van a
maximalisan elérhetd longitudinalis elektromos térre is. Az értekezésben megallapitasra
keriil, hogy a fizikai fokusz eltolodéasa a geometriai fokuszhoz képest a hosszirany mentén
linedrisan fligg a divergenciatol. Optimalizalt fokuszalds soran a fokuszban kialakulo
longitudinalis elektromos térerdsség és a bemend radialis elektromos térkomponens aranya
az 1000-et is meghaladja. A szamitdsok azt is elérevetitették, hogy a radidlisan polarizalt
THz-es impulzusok fokuszaldsdnak optimalizaldsdval az elektromos térkomponens
elérheti a 100 MV/cm-es nagysagrendet, ami részecskegyorsitasra kivaloan alkalmas.

Numerikus szimuldciok eredményei megalapozzak relativisztikus elektronok utélagos
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gyorsitdsanak lehetdségét THz-es impulzusok fokuszalt longitudinélis elektromos
mezdjének felhasznalasaval. A szimulacidk szerint 3 mJ terahertzes impulzusenergiat, 1 ps
impulzushosszt ¢és 20°, illetve 40°-0s latdészogben megvilagitott, 50 mm-es
fokusztavolsagi parabola-gytriit feltételezve kozel fénysebességgel mozgo elektronok
0,23/0,28 MeV (20°), illetve 0,36 MeV/0,63 MeV (40°) energianyereségre tehetnek szert
attol fiiggden, hogy mozgasiranyuk az elektromos tér sOprési sebességének iranyaval

azonos/ellentétes.
10.2. Tézispontok

1. A Stratton-Chu vektor diffrakciés modszert alkalmazva Osszefiiggéseket vezettem le
parabolatiikorrel fokuszalt radidlisan polarizalt monokromatikus 1ézernyalab
elektromos ¢és magneses térerdsségének térbeli eloszlasara vonatkozoan. A
levezetéseket elvégeztem mind homogén intenzitaseloszlasu (flat-top) bemend nyalab,
mind Gauss-intenzitaseloszlast vektornyalab esetére. Osszefiiggéseket vezettem le egy
— toltott részecskék gyorsitasahoz tervezett — axikonokbodl és parabolatiikor-gytirtibol
allo rendszerrel fokuszalt radialisan polarizalt nyalab elektromos térkomponenseinek a
térbeli eloszlasara vonatkozdan. A parabolatiikor-gytirtire érkezd nyaldb transzverzalis
intenzitaseloszlasara harom kiilonb6zd, gyakorlati szempontbdl relevans esetet
tekintettem. Fent emlitett levezetéseim mindegyike altalanos érvényli: tetszdleges
hulldmhossz/fokusztavolsag ardny és tetszOleges numerikus apertira esetén
alkalmazhato. [S1,52,S3]

2. Az elsO tézispontban emlitett esetekben részletesen elemeztem és értelmeztem az
elektromos ¢és magneses térerdsség-komponensek térbeli eloszlasat a fokusz
kornyezetében — részecskegyorsitasi alkalmazésokat szem el6tt tartva — kiilonos
hangsulyt szentelve az elektromos térerdsség longitudinalis komponensének.
Valamennyi esetben meghataroztam a fokuszbeli longitudinalis elektromos
térerdsségre vonatkozo skalatdrvényt, melynek valtozoi a bemend nyaldb paraméterei,
a fokusztavolsag, illetve a fokuszalds geometridjara jellemz6 paraméter. Megkerestem
a maximalis longitudinalis térerdsség eléréséhez tartozé optimalis geometriat az egyes
esetekben. Megmutattam, hogy gyakorlatban is kivitelezhetd, optimalizalt fokuszalas

esetén a fokuszbeli longitudindlis elektromos térerdsség €s a bemend radialis
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elektromos térkomponens hanyadosa meghaladja az 1000-t. Megmutattam, hogy a
napjainkban hozzéaférheté, mJ-os nagysagrendii energidjii terahertzes impulzusok
optimalizalt fokuszalasaval 100 MV/cm nagysagrendii longitudinalis elektromos
térerdsség érhetd el, ami részecskegyorsitasi alkalmazasok szempontjabdl figyelemre
melto tény. [S1,S2,S3]

Parabolatiikorrel ~ fokuszalt — Gauss-intenzitaseloszlasu, radidlisan  polarizalt,
monokromatikus vektornyalab elektromos tere longitudinalis komponensének
longitudinalis €s transzverzalis eloszlasat vizsgaltam a fokusz kornyezetében a bemend
nyaldb divergencidjanak fliggvényében. Megmutattam, hogy a valddi fokusz (a
longitudinalis térerésség komponens maximumhelye) a nyaldb szimmetriatengelye
mentén eltolodik a geometriai fokuszhoz képest. Megmutattam, hogy ezen eltolodas a
bemend nyaldb divergenciajanak lineéaris fliggvénye. Megallapitottam, hogy a
fokuszalassal elérhetd maximalis longitudinalis elektromos térkomponens érték a
bemend nyalab divergencidjanak monoton csokkend fliggvénye, €s azt, hogy e fliggés
jelentés. Megmutattam tovabba, hogy az elektromos téramplitudd longitudinalis
komponensének transzverzalis eloszlasaban a mellékmaximum értékek fomaximum
értékhez viszonyitott ardnya a nyalabdivergencia mértékével ndvekszik. [S2]
Numerikus koédot alkalmaztam relativisztikus elektronok parabolatiikor-gytirtivel
lefokuszalt terahertzes impulzusok longitudinélis elektromos terével torténd
utogyorsitasanak  modellezésére.  Szimulacidoim szerint 3 mJ terahertzes
impulzusenergiat, 1 ps impulzushosszt ¢és 20 illetve 40°-os latoszogben kivilagitott 5
cm fokusztavolsagu parabolatiikor-gytiriit feltételezve az elektronok 0,28 MeV/0,23
MeV (20°), illetve 0,63 MeV/0,36 MeV (40°) energianyereségre tesznek szert attol
fliggden, hogy a kozel fénysebességgel mozgd elektronok haladasi iranya az

elektromos tér soprésének iranyaval azonos/ellentétes. [S3]
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